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INVERSES OF CARTAN MATRICES
OF LIE ALGEBRAS AND LIE SUPERALGEBRAS
DIMITRY LEITESA,B, OLEKSANDR LOZHECHNYKC
Abstract. The inverses of indecomposable Cartan matrices are computed for finite-dimension-
al Lie algebras and Lie superalgebras over fields of any characteristic, and for hyperbolic (almost
affine) complex Lie (super)algebras. This enables one to express the fundamental weights in
terms of simple roots corresponding to the Cartan matrix. We discovered three yet inexplicable
new phenomena, of which (a) and (b) concern almost affine complex Lie (super)algebras: (a)
several of the inverses of Cartan matrices have all their elements negative (not just non-positive,
as they should be according to an a priori characterization due to Zhang Hechun); (b) the 0s
only occur on the main diagonals of the inverses; (c) the determinants of inequivalent Cartan
matrices of the simple Lie (super)algebra may differ (in any characteristic).
We interpret most of the results of Wei Yangjiang and Zou Yi Ming, Inverses of Cartan mat-
rices of Lie algebras and Lie superalgebras, Linear Alg. Appl., 521 (2017) 283–298 as inverses of
the Gram matrices of non-degenerate invariant symmetric bilinear forms on the (super)algebras
considered, not of Cartan matrices, and give more adequate references. In particular, the
inverses of Cartan matrices of simple Lie algebras were already published, starting with Dynkin’s
paper in 1952, see also Table 2 in Springer’s book by Onishchik and Vinberg (1990).
1. Introduction
1.1. General remarks. The problem “find the inverses of Cartan matrices” might look as a
topic of a somewhat boring course work for a first year student taking linear algebra.
However, the explicit answer is needed in a number of situations, so the problem formulated
above was solved — for finite-dimensional simple Lie algebras over C— long ago, see Dynkin’s
paper [D1, Ch.1]. Here are examples where these inverses are used.
• The inverse of the Cartan matrix A (or rather of its transposed, AT ) of a given simple
finite-dimensional Lie algebra over C is a tool to obtain the set of fundamental weights from
the set of simple roots, see, e.g., [Bbk, Ch.6, §1, Subsect. 10, eq. (14)], where the result
of using the inverse of AT is given, but not the inverse of AT itself (being considered,
perhaps, well-known by that time not only to experts for more than a decade). The inverses
of matrices AT are contained, among other very useful tables, in the book by Dynkin’s former
Ph.D. students, see [OV, Table 2]. Any sufficiently comprehensive textbook on representations
of Lie algebras reproduces the statement of Bourbaki because the fundamental weights are
important: (1) they form a basis in the weight lattice, (2) any finite-dimensional irreducible
representation of a simple finite-dimensional Lie algebra over C is a direct summand in the
tensor product of tensor powers of fundamental representations.
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• We found out that we need the results of this paper over fields of positive characteristic in
our study of the notions related with the Duflo–Serganova functor, a newly discovered powerful
tool in representation theory of Lie superalgebras, see [KLLS, BGKL].
• Another natural motivation to invert the Cartan matrices that springs to mind is the fact
that the Cartan matrix of sl(n + 1) is the matrix of the difference operator corresponding to
−( d
dx
)2. Under the name Toeplitz matrix Kn it is known to experts in the method of finite
differences. Together with the Cartan matrix Tn of the Lie superalgebra osp(1|2n), which is the
Cartan matrix of sp(2n) with the last row divided by 2, these are the invertible two of the “four
special matrices” (actually, series of matrices) spoken about in [Str, Section 1.1]. (The two
non-invertible of the “four special matrices” correspond to an affine Lie algebra and an affine
Lie superalgebra, respectively; for the classification of affine Lie (super)algebras, see [CCLL].)
• For inverses of partial Cartan matrices, and some examples of their usage, see [Stk, Tables
A.11–A.13]; the inverses of Cartan matrices are also recalled there (Tables A.14–A.15).
• For several more instances where the inverses of Cartan matrices of Lie algebras are con-
sidered, see the bibliography in [WZ]. In particular, there is a reference to a paper by Lusztig
and Tits which, though interesting, is rather unclear at places, so we give an elucidation.
1.2. A result due to Lusztig and Tits. The title of the paper [LT] is misleading since the
paper contains a much stronger result than an already known one. Lusztig and Tits established
certain common properties of the inverses of matrices much more general than the Cartan
matrices of simple finite-dimensional Lie algebras over C, see Proposition 1.2.1 (not explicitly
formulated in [LT], but follows from a more general statement formulated in [LT]).
Recall that a forest is a disjoint union of trees, the latter being undirected graphs in which
any two vertices are connected by exactly one path. A graph loop is an edge going in and out
of the same vertex. A simple graph is an unweighted, undirected graph containing no graph
loops or multiple edges. For a finite simple graph, the adjacency matrix A is an n× n matrix,
where n is the quantity of vertices, with 0s on its diagonal and Aij = Aji = 1 if the ith and jth
vertices are connected. Recall, see [V], that B is a main submatrix of a given matrix C if B is
obtained by deleting from C any number of pairs (a row, a column) each pair intersecting on
the main diagonal.
Given the adjacency (not incidence, it is a misprint in [LT]) matrix A of a forest, the matrices
C of the same size as A are constructed in [LT] by replacing any of the diagonal elements and
non-zero off-diagonal elements of A with elements in R— conditions a) and b) in (1) — provided
two more conditions (c) and d) are met:
(1)
a): Cij = 0⇐⇒ Cji = 0;
b): if i 6= j, then Aij = 1⇐⇒ Cij 6= 0;
c): Cij ≤ 0 if i 6= j;
d): detC > 0 and detB > 0 for all main submatrices B of C; in parti-
cular, this means that Cii > 0 for all i.
More exactly, conditions a) and b) are stronger than the conditions imposed on C in [LT].
Conditions c) and d) (or something equivalent to them) are implicit in [LT], but used in the
proof of the following statement (in the form formulated by A. Lebedev).
1.2.1. Proposition (A Corollary of [LT]). For any tree, let A be the adjacency matrix; let
C be a matrix satisfying conditions (1). Then all elements of C−1 are positive.
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1.3. Two interpretations of detC. For the Cartan matrix C of the simple finite-dimensional
Lie algebra over C, we have, see [OV]:
(2)
a): detC is equal to the order of the center of the simply connected
compact group corresponding to C.
b): detC = |P/Q|, where P and Q denote the weight lattice and root
lattice, respectively.
1.4. Cartan matrices of hyperbolic Lie algebras and almost affine Lie superalgebras.
The Cartan matrix of any hyperbolic Lie algebra is the one that, its ith row and its ith column
being deleted for any i, becomes the Cartan matrix of the direct sum of finite-dimensional or
affine Kac–Moody algebras. For the definition of Lie (super)algebras g(A) with Cartan matrix
A, see §2; for superization of hyperbolic Lie algebras, called almost affine Lie superalgebras,
and classification of both types, see [CCLL].
For Cartan matrices C of hyperbolic Lie algebras Zhang Hechun [ZH] established that
(3) “the entries of C−1 are non-positive rational numbers”.
Recall that a given Lie superalgebra g(A) with Cartan matrix A is almost affine if it is not
finite-dimensional or affine Kac–Moody, but any its main submatrix corresponds to a direct
sum of finite-dimensional or affine Kac–Moody superalgebras, and all Cartan matrices of
g(A) are almost affine. The almost affine Lie superalgebras also have the property (3); this
follows from their classification and the explicit form of their Cartan matrices when invertible.
Explicit results given in § 8, allow us to sharpen the description (3). We discovered two new
phenomena:
all elements of the matrices C−1 marked !!! in § 8 are negative;(4)
in each of the remaining matrices C−1, the 0s occur only on the main diagonal.(5)
1.5. Natural generalizations and sharpenings of the problems posed in [WZ].
A) For any isotropic reflection r acting on Cartan matrix A 7−→ r(A), see Sub-
sect. 2.6, describe an algorithm for the passage A−1 7−→ (r(A))−1. In other words, find
inverses of not one — selected by a random criteria (for a description of numerous possibilities
in the infinite-dimensional case, see [Eg]) — Cartan matrix of a given Lie superalgebra g(A),
but of all its Cartan matrices (for dim g(A) <∞).
B) For the exceptional simple Lie (super)algebras, give the complete explicit answer in the
following two cases:
Ba) for finite-dimensional ones (in any characteristic);
Bb) for hyperbolic Lie algebras and almost affine Lie superalgebras.
C) Investigate what can be said about inverses of Cartan matrices, if exist, for various other
types of Lie (super)algebras corresponding to the cases of Vinberg’s theorem, see [V, ZH].
1.5.1. Disclamer. The “fundamental weights” are not as important in the representation the-
ories of modular Lie algebras and of Lie superalgebras (in any characteristic) due to the lack
of complete reducibility of their representations, and due to existence of deforms of vacuum
(highest or lowest) weight modules, and of modules without vacuum weight vector.
However, even for p > 0, these fundamental weights are as good as their namesakes over C
if we confine ourselves to the restricted representations, the very first (if not the only) ones
to be studied from a point of view of the geometer (P. Deligne, see his Appendix to [LL]).
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1.6. Our results. In § 4 and formula (23) we solved Problem A, see Subsection 1.5; in §§ 6–8
we solved Problem B. More explicitly, we computed the inverses of indecomposable Cartan
matrices for finite-dimensional Lie algebras and Lie superalgebras over fields of positive char-
acteristic and for almost affine (hyperbolic) infinite-dimensional complex Lie (super)algebras.
(For the classifications of Lie (super)algebras with indecomposable Cartan matrices over C in
the almost affine (hyperbolic) case, and finite-dimensional over algebraically closed fields of
characteristic p > 0, see [CCLL] (with prerequisites in [Se, HS]) and [BGL], respectively.)
We have discovered phenomena (4) and (5). We have discovered that the determinants of
inequivalent Cartan matrices of the simple Lie (super)algebra may differ (in any characteristic).
For the serial Lie superalgebras, the inverses of Cartan matrices are explicitly given for certain
“basic” Cartan matrices from which all the other Cartan matrices of the given Lie superalgebra
are obtained by means of isotropic (odd) reflections as explained in [CCLL].
We also corrected and widened the list of references (and the range of applications) of inverses
of Cartan matrices as compared with those given in [WZ], e.g., the explicit form of inverse Car-
tan matrices of finite-dimensional simple Lie algebras is reproduced in [WZ] as if new, though
well-known, see [D1, OV, Stk]. These omissions and the desire to solve the problem consid-
ered, but not solved, in [WZ], except for occasional coincidences of Cartan matrices with Gram
matrices of non-degenerate invariant symmetric bilinear forms (NISes) on the (super)algebras
considered, is what prompted our work.
1.6.1. Open questions. 1) How to explain newly found phenomena (4) and (5)?
2) In characteristic p > 0, the determinants of Cartan matrices of exceptional simple Lie
superalgebras are mostly equal to 1, but not always; over C, we see that these determinants are
different for inequivalent Cartan matrices of the same Lie superalgebra. What is the meaning
of these determinants?
3) How to interpret the determinants of the matrices described in Proposition 1.2.1; the deter-
minants of the Cartan matrices of hyperbolic Lie algebras, and almost affine Lie superalgebras,
cf. with properties (2)?
1.6.2. Remark. V. Kac was the first to realize that certain finite-dimensional Lie superalge-
bras have analogs of Cartan matrices and defined them imitating the definition for Lie alge-
bras, compare [K] with [Kapp], where the exceptional simple Lie superalgebras first appeared.
In these cases, V. Kac listed the indecomposable Cartan matrices (with a gap, corrected in
[Se, vdL], where infinite-dimensional generalizations with symmetrizable Cartan matrices were
also considered). For further improvements of the definitions, see [HS, CCLL, BGL].
In [WZ], the Gram matrices of the non-degenerate symmetric bilinear form on the space of
roots, that never explicitly appeared before, but can be recovered from the data in [Se1], or
by symmetrizing Cartan matrices, were misattributed to works of V. Kac and called Cartan
matrices. Kac never used such matrices (and would hardly apply the term Cartan matrix to a
matrix with both 2 and −2 appearing simultaneously on the main diagonal). Analogs of Cartan
matrices A with Aii ≤ 0 were introduced by Borcherds, see [B, R] and references in [CCLL].
2. Chevalley generators, Cartan matrices, reflections (from [CCLL, BGL])
2.1. Chevalley generators and Cartan matrices. Let us start with the construction of
Lie (super)algebras with Cartan matrix. Let A = (Aij) be an n× n-matrix whose entries lie in
the ground field K. Let rkA = n− l. It means that there exists an l×n-matrix T = (Tij) such
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that
(6)
a) the rows of T are linearly independent;
b) TA = 0 (or, more precisely, “zero l × n-matrix”).
Indeed, if rkAT = rkA = n − l, then there exist l linearly independent vectors vi such that
AT vi = 0; set
Tij = (vi)j.
Let the elements e±i and hi, where i = 1, . . . , n, generate a Lie superalgebra denoted g˜(A, I),
where I = (p1, . . . pn) ∈ (Z/2)
n is a collection of parities (p(e±i ) = pi), free except for the
relations
(7) [e+i , e
−
j ] = δijhi; [hj, e
±
j ] = ±Aije
±
j and [hi, hj] = 0 for any i, j.
Let Lie (super)algebras with Cartan matrix g(A, I) be the quotient of g˜(A, I) modulo the ideal
explicitly described in [GL, BGL3, BGLL].
By abuse of notation we denote by e±j and hj — the elements of g˜(A, I) — also their images
in g(A, I) and g(i)(A, I) and call these images, and their pre-images, the Chevalley generators
of g˜(A, I), g(A, I), and g(i)(A, I), cf. Subsection 2.5.1.
2.1.1. In small font. The additional to (7) relations that turn g˜(A, I) into g(A, I) are of the
form Ri = 0 whose left sides are implicitly described, for the general Cartan matrix with entries
in K, as
(8)
the Ri that generate the ideal r maximal among the ideals of g˜(A, I) whose
intersection with the span of the above hi and the dj described in eq. (12) is
zero.
Set
(9) ci =
∑
1≤j≤n
Tijhj, where i = 1, . . . , l.
Then, from the properties of the matrix T , we deduce that
(10)
a) the elements ci are linearly independent;
b) the elements ci are central, because
[ci, e
±
j ] = ±
( ∑
1≤k≤n
TikAkj
)
e±j = ±(TA)ije
±
j .
The existence of central elements means that the linear span of all the roots is of dimension n−l
only. (This can be explained even without central elements: The weights can be considered as
column-vectors whose i-th coordinates are the corresponding eigenvalues of adhi . The weight
of ei is, therefore, the i-th column of A. Since rkA = n − l, the linear span of all columns of
A is (n − l)-dimensional just by definition of the rank. Since any root is an (integer) linear
combination of the weights of the ei, the linear span of all roots is (n− l)-dimensional.)
This means that some elements which we would like to see having different (even opposite if
p = 2) weights, actually, have identical weights. To remedy this, we do the following: let B be
an arbitrary l × n-matrix such that
(11) the (n+ l)× n-matrix
(
A
B
)
has rank n.
6 Dimitry Leites, Oleksandr Lozhechnyk
Let us add to the algebra g = g˜(A, I) (and hence g(A, I)) the grading elements di, where
i = 1, . . . , l, subject to the following relations:
(12) [di, e
±
j ] = ±Bijej; [di, dj] = 0; [di, hj] = 0
(the last two relations mean that the di lie in the Cartan subalgebra, and even in the maximal
torus which will be denoted by h).
Note that these di are outer derivations of g(A, I)
(1), i.e., they can not be obtained as linear
combinations of brackets of the elements of g(A, I) (i.e., the di do not lie in g(A, I)
(1)).
2.2. Roots and weights. In this subsection, g denotes one of the algebras g(A, I) or g˜(A, I).
Let h be the span of the hi and the dj. The elements of h
∗ are called weights. For a given
weight α, the weight subspace of a given g-module V is defined as
Vα = {x ∈ V | an integer N > 0 exists such that (α(h)− adh)
Nx = 0 for any h ∈ h}.
Any non-zero element x ∈ V is said to be of weight α. For the roots, which are particular
cases of weights if p = 0, the above definition is inconvenient because it does not lead to the
modular analog of the following useful statement.
2.2.1. Statement ([K]). Over C, the space of any Lie algebra g can be represented as a direct
sum of subspaces
(13) g =
⊕
α∈h∗
gα.
Note that if p = 2, it might happen that h ( g0. (For example, all weights of the form 2α
over C become 0 over K.)
To salvage the formulation of Statement in the modular case with minimal changes, at least
for the Lie (super)algebras g with Cartan matrix — and only this case we will have in mind
speaking of roots, we decree that the elements e±i with the same superscript (either + or −)
correspond to linearly independent roots αi, and any root α such that gα 6= 0 lies in the Z-span
of {α1, . . . , αn}, i.e.,
(14) g =
⊕
α∈Z{α1,...,αn}
gα.
Thus, g has a Rn-grading such that e±i has grade (0, . . . , 0,±1, 0, . . . , 0), where ±1 stands
in the i-th slot (this can also be considered as Zn-grading, but we use Rn for simplicity of
formulations). If p = 0, this grading is equivalent to the weight grading of g. If p > 0, these
gradings may be inequivalent; in particular, if p = 2, then the elements e+i and e
−
i have the
same weight. (That is why in what follows we consider roots as elements of Rn, not as weights.)
Any non-zero element α ∈ Rn is called a root if the corresponding eigenspace of grade α
(which we denote gα by abuse of notation) is non-zero. The set R of all roots is called the root
system of g.
Clearly, the subspaces gα are purely even or purely odd, and the corresponding roots are said
to be even or odd.
2.3. Systems of simple and positive roots. In this subsection, g = g(A, I), and R is the
root system of g.
For any subset B = {σ1, . . . , σm} ⊂ R, we set (we denote by Z+ the set of non-negative
integers):
R±B = {α ∈ R | α = ±
∑
niσi, where ni ∈ Z+}.
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The set B is called a system of simple roots of R (or g) if σ1, . . . , σm are linearly independent
and R = R+B ∪ R
−
B. Note that R contains basis coordinate vectors, and therefore spans R
n;
thus, any system of simple roots contains exactly n elements.
A subset R+ ⊂ R is called a system of positive roots of R (or g) if there exists x ∈ Rn such
that
(α, x) ∈ R\{0} for all α ∈ R,
R+ = {α ∈ R | (α, x) > 0}.
(15)
(Here (·, ·) is the standard Euclidean inner product in Rn.) Since R is a finite (or, at least,
countable if dim g(A) =∞) set, so the set
{y ∈ Rn | there exists α ∈ R such that (α, y) = 0}
is a finite/countable union of (n− 1)-dimensional subspaces in Rn, so it has zero measure. So
for almost every x, condition (15) holds.
By construction, any system B of simple roots is contained in exactly one system of positive
roots, which is precisely R+B.
2.3.1. Statement. Any finite system R+ of positive roots of g contains exactly one system of
simple roots. This system consists of all the positive roots (i.e., elements of R+) that can not
be represented as a sum of two positive roots.
We can not give an a priori proof of the fact that each set of all positive roots each of
which is not a sum of two other positive roots consists of linearly independent elements. This
is, however, true for finite dimensional Lie algebras and Lie superalgebras of the form g(A) if
p 6= 2.
2.4. Normalization convention. Clearly,
(16) the rescaling e±i 7→
√
λie
±
i , sends A to A
′ := diag(λ1, . . . , λn) · A.
Two pairs (A, I) and (A′, I ′) are said to be equivalent if (A′, I ′) is obtained from (A, I) by
a composition of a permutation of parities and a rescaling A′ = diag(λ1, . . . , λn) · A, where
λ1 . . . λn 6= 0. Clearly, equivalent pairs determine isomorphic Lie superalgebras.
The rescaling affects only the matrix AB, not the set of parities IB. The Cartan matrix A is
said to be normalized if
(17) Ajj = 0 or 1, or 2.
We let Ajj = 2 only if ij = 0¯; in order to eliminate possible confusion, we write Ajj = 0¯ or 1¯ if
ij = 0¯, whereas if ij = 1¯, we write Ajj = 0 or 1.
Normalization conditions correspond to the “natural” Chevalley generators of the most usual
“building blocks” of finite-dimensional Lie (super)algebras with Cartan matrix: sl(2) if Ajj = 2,
sl(1|1) if Ajj = 0, and osp(1|2) if Ajj = 1, respectively. (In this paper we do not need Ajj = 0¯
or 1¯, see [BGL, CCLL].)
We will only consider normalized Cartan matrices; for them, we do not have to
indicate the set of parities I.
2.4.1. Warning. Unlike the case of simple finite-dimensional Lie algebras over C, where the
normalized Cartan matrix A is uniquely defined, generally this is not so: each row with a 0 or 0¯
on the main diagonal can be multiplied by any nonzero factor; usually (not only in this paper)
we multiply the rows so as to make AB symmetric, if possible. Which version of the Cartan
matrix should be considered as its “normal form”? The defining relations give the answer:
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The normalized Cartan matrix is used, for example, to describe presentation of the given Lie
superalgebra (relations between, or rather among1 the Chevalley generators).
2.5. Equivalent systems of simple roots. Let B = {α1, . . . , αn} be a system of simple
roots. Choose non-zero elements e±i in the 1-dimensional (by definition) superspaces g±αi ; set
hi = [e
+
i , e
−
i ], let AB = (Aij), where the entries Aij are recovered from relations (7), and let
IB = {p(e1), · · · , p(en)}. Lemma 2.7.1 claims that all the pairs (AB, IB) are equivalent to each
other.
Two systems of simple roots B1 and B2 are said to be equivalent if the pairs (AB1 , IB1) and
(AB2 , IB2) are equivalent.
It would be nice to find a convenient way to fix some distinguished pair (AB, IB) in the
equivalence class. For the role of the “best” (first among equals) order of indices we propose
the one that minimizes the value
(18) max
i,j∈{1,...,n} such that (AB)ij 6=0
|i− j|
(i.e., gather the non-zero entries of A as close to the main diagonal as possible). Observe that
this numbering differs from the one that Bourbaki use for the e type Lie algebras.
2.5.1. Chevalley generators and Chevalley bases. We often denote the set of generators
of g(A, I) and g(i)(A, I) corresponding to a normalized Cartan matrix by X±1 , . . . , X
±
n instead
of e±1 , . . . , e
±
n ; and call these generators, together with the elements Hi := [X
+
i , X
−
i ], and the
derivations dj, see (12), the Chevalley generators.
For p = 0 and normalized Cartan matrices of simple finite dimensional Lie algebras, there
exists only one (up to signs) basis containing X±i and Hi in which Aii = 2 for all i and all
structure constants are integer, cf. [St]. Such a basis is called the Chevalley basis.
Observe that, having normalized the Cartan matrix of sp(2n) so that Aii = 2 for all i 6= n, but
Ann = 1, we get another basis with integer structure constants. We think that this basis also
qualifies to be called Chevalley basis ; for Lie superalgebras, and if p = 2, such normalization is
a must.
Conjecture. If p > 2, then for finite dimensional Lie (super)algebras with indecomposable
Cartan matrices normalized as in (17), there also exists only one (up to signs) analog of the
Chevalley basis.
From [BGL]: “We had no idea how to describe analogs of Chevalley bases for p = 2 until
recently; it seems, the methods of the recent paper [CR] should solve the problem.” (Now, more
than a decade ago, this problem is still open.)
2.6. Reflections. Let R+ be a system of positive roots of Lie superalgebra g over a field
K of characteristic p > 0, and let B = {σ1, . . . , σn} be the corresponding system of simple
roots with some corresponding pair (A = AB, I = IB). Then for any k ∈ {1, . . . , n}, the set
(R+\{σk})
∐
{−σk} is a system of positive roots. This operation is called the reflection in σk;
it changes the system of simple roots by the formulas
(19) rσk(σj) =
{
−σj if k = j,
σj +Bkjσk if k 6= j,
1Because analogs of the Serre relations in the super setting involve several generators, see [GL, BGL, BGLL].
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where
(20) Bkj =

−
2Akj
Akk
if Akk 6= 0, 0¯ and −
2Akj
Akk
∈ Z/pZ,
p− 1 if Akk 6= 0, 0¯ and −
2Akj
Akk
6∈ Z/pZ,
or Akk = 0¯ (and hence ik = 0¯), Akj 6= 0,
1 if ik = 1¯, Akk = 0, Akj 6= 0,
0 if Akk = Akj = 0,
where we consider Z/pZ as a subfield of K.
The name “reflection” is used because in the case of simple finite-dimensional complex Lie
algebras this action, extended on the whole R by linearity, is a map from R to R, and it does
not depend on R+, only on σk. This map is usually denoted by rσk or just rk. The map rσk
extended to the R-span of R is reflection in the hyperplane orthogonal to σk relative the bilinear
form dual to the Killing form.
The reflections in the even (odd) roots are referred to as even (odd) reflections. A simple
root is called isotropic, if the corresponding row of the Cartan matrix has zero on the diagonal,
and non-isotropic otherwise. The reflections that correspond to isotropic or non-isotropic roots
will be referred to accordingly.
If there are isotropic simple roots, the reflections rα do not, as a rule, generate a version of
the Weyl group because the product of two reflections in nodes not connected by one (perhaps,
multiple) edge is not defined. These reflections just connect a pair of “neighboring” systems of
simple roots and there is no reason to expect that we can multiply such two distinct reflections.
In the case of modular Lie algebras or of Lie superalgebras for any p, the action of a given
isotropic reflection (19) can not, generally, be extended to a linear map R −→ R. For Lie
superalgebras over C, one can extend the action of reflections by linearity to the root lattice,
but this extension preserves the root system only for sl(m|n) and osp(2m+ 1|2n), cf. [Se1].
We would like to draw attention of the reader to an under-appreciated paper [SkB], where
the analog of Weyl group was considered in relation with br(3).
2.7. How reflections act on Chevalley generators. If σi is an isotropic root, then the
corresponding reflection ri sends one set of Chevalley generators into a new one:
(21) X˜±i = X
∓
i ; X˜
±
j =
{
[X±i , X
±
j ] if Aij 6= 0, 0¯,
X±j otherwise.
The Cartan matrix ri(A) corresponding to the Chevalley generators (21) should be obtained
as described above: set
H˜i := [X˜
+
i , X˜
−
i ]
and compute
[H˜i, X˜
+
j ] = B˜ijX˜
+
j .
Normalize the matrix B˜ as we agreed, see Subsection 2.4; let B be the normalized matrix.
Then ri(A) := B = (Bkl).
2.7.1. Lebedev’s lemma. Serganova [Se] proved (for p = 0) that there is always a chain of
reflections connecting B1 with some system of simple roots B
′
2 equivalent to B2 in the sense of
definition in Subsection 2.6. Here is the modular version of this statement due to Serganova.
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Lemma (Lebedev, unpublished). For any two systems of simple roots B1 and B2 of any finite
dimensional Lie superalgebra with indecomposable Cartan matrix, there is always a chain of
reflections connecting B1 with B2.
2.7.2. Important convention. The values −
2Akj
Akk
in (20) are elements of K, while the roots
are elements of a vector space over R. Therefore these expressions in the first case in (20)
should be understood as “the smallest non-negative integer congruent to −
2Akj
Akk
”.
This convention is important in describing Serre relations and their analogs for p > 0, see
[BGL3, BGLL]. We do not know yet what is an equally “natural” or correct way of
presenting the elements of the inverse Cartan matrices.
There is known just one exception: if p = 2 and Akk = Ajk, then the expression −
2Ajk
Akk
should
be understood as 2, not 0. (If dim g < ∞, the expressions −
2Ajk
Akk
are always congruent to
integers.)
2.7.3. How reflections act on Cartan matrices ([CCLL]). Let A be a Cartan matrix of
size n and I = (p1, . . . , pn) the vector of parities. If pk = 1¯ and Akk = 0, then the reflection in
the kth simple odd root sends A to rk(A), where
(22) (rk(A))ij = Aij + biAkj + cjAik,
and where
bi =

−2 if i = k,
0 if i 6= k and Aik = 0,
Aik
Aki
if i 6= k and Aik 6= 0;
and cj =

−2 if j = k,
0 if j 6= k and Ajk = 0,
1 if j 6= k and Ajk 6= 0.
This can be expressed in terms of matrices as
rk(A) = (E +B)A(E + C),
where all columns of the matrix B, except the kth one, are zero, whereas the ith coordinate of
the kth column-vector is bi, the ith coordinate of the kth row-vector of C is ci, the other rows
of C being zero; E is the unit matrix. Therefore, B2 = C2 = 0, and
(23) (rk(A))
−1 = (E − C)A−1(E − B).
The reflected matrix rk(A) might have to be normalized; the new parities are
p˜j ≡ pj + cj (mod 2).
3. The matrices considered in [WZ] are not Cartan matrices
For any simple finite-dimensional Lie algebra over C, we know two ways to introduce its
Cartan matrix A = (Aij).
First approach: take 3n Chevalley generators and compute [hi, e
±
j ] = ±Aije
±
j , see (7).
Second approach: take an auxiliary space — the space spanned by the roots or, sometimes,
a bit larger space, see tables in [Bbk, OV]; for sl(V ), this auxiliary space is the space V or its
dual. Let it be spanned by column-vectors εi := (0, . . . , 0, 1, 0 . . . , 0)
T with a 1 on the ith place.
Assume that there is a Euclidean inner product on V given by
(24) (εi, εj) = δij .
The Gram matrix of this inner product in the basis of simple roots is precisely the Cartan
matrix of sl(V ). This inner product in the space spanned by roots is induced by the restriction
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of the Killing form from sl(V ) on the maximal torus, i.e., the space of coroots. For the Lie
algebras of series sl, o and sp, this inner product can be also defined by means of the form
proportional to the Killing form, but much easier to compute:
(X, Y ) = tr(XY ) for any X, Y ∈ sl(V ).
The above description yields the Gram matrix of a nondegenerate invariant symmetric bilinear
form on the Lie algebras whose roots are of equal length. For the simple Lie algebras whose
roots are of different lengths, the matrix thus obtained is a symmetrization of the Gram matrix,
see [BKLS].
Passing to the Lie superalgebras, we can also follow either of these two procedures. The first
approach does indeed lead to Cartan matrices, as described in the beginning of this section.
The second approach uses a basis of the superspace V , such that the vectors εi span V0¯,
while the vectors δj span V1¯, with the pseudo-Eucledian inner product
(25) (εi, εj) = δij ; (εi, δj) = 0 for any i, j; (δi, δj) = −δij .
For the Lie superalgebras gl(V ) and psl(V ), this inner product is induced by the supertrace
(X, Y ) = str(XY ) for any X, Y ∈ sl(V );
it is non-degenerate for any V , whereas the Killing form is degenerate if dimV0¯ = dimV1¯.
Serganova showed, see [Se1], that a natural generalization of the axioms of root systems to the
case of pseudo-Euclidean inner product leads precisely to the root systems of Lie superalgebras
with indecomposable Cartan matrices and their simple relatives over C, see [CCLL].
It seems that the Gram matrix of this inner product in the basis of simple roots first appeared
in [WZ]: Serganova never wrote it explicitly for any Lie superalgebra. For Lie superalgebras, no
Gram matrix of the above inner product in the root space of g is equivalent (in any conventional
way) to any Cartan matrix of g, except for osp(1|2n). However,
(26)
For the root space of g = sl(m + 1|n + 1), the Gram matrix of the above
inner product calculated in the standard supermatrix format of g turns into
the Cartan matrix (28) if its bottom n + 1 rows are multiplied by −1.
3.1. Remark. To describe defining relations of g(A) in terms of Chevalley generators, we need
the Cartan matrix A corresponding to the selected supermatrix format of elements of g(A), see
[GL], not the Gram matrix of the inner product in the space spanned by roots.
When we learn what the inverse of any of these Gram matrices is needed for, we will probably
have to compute it in just one basis: the NIS on a simple finite-dimensional Lie superalgebra
of characteristic 6= 2 is unique, up to a proportionality; for a recipe for constructing NIS from
the Cartan matrix, see [BKLS]; the Gram matrix of its restriction onto the space spanned by
the hi is the dual of the Gram matrix of the inner product on the space spanned by roots.
4. Finite-dimensional serial Lie (super)algebras over C
4.1. Remark. Remember that the Cartan matrix with a 0 on the main diagonal is not
uniquely defined: the line with this 0 can be multiplied by any non-zero number, e.g., by a −1,
see Subsection 2.4.1. For any invertible matrix, its inverse is uniquely defined, of course.
For the series sl and osp, there are 9 types of pairs of “basic” Cartan matrices connected
by odd reflections, see [CCLL, Subsection 4.1, Table 1]. From one such Cartan matrix all the
other Cartan matrices of the given Lie superalgebra of the given type are obtained by means
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of odd reflections, see (22). It is a matter of taste which one in the pair of “basic” matrices is
most simple; we selected (any) one with the smallest number of 0s on the main diagonal.
In [WZ], Gram matrices are inverted; this sometimes gives the answer for the Cartan matrices
as well, thanks to the fact (26). However, inverting Cartan matrices of the sl cases, we have to
consider 2 more types of cases as compared with [WZ]; for the osp series, we have to consider
7 types of cases, not 3 as in [WZ].
Let Am denote the normalized Cartan matrix of sl(m + 1). Below, in formulas (27)–(40),
instead of Am there can be any Cartan matrix of sl(a|b) with a + b = m + 1. To derive the
explicit expression of the inverse matrix C−1 in this general case, apply an odd reflection (23).
4.2. The case of sl. For sl(m + 1|1), the “basic” Cartan matrix and its inverse (27) is a
particular cases of the expression (28), up to an occasional minus sign, see Remark 4.1.
(27)


Am
...
0
−1
. . . 01 0


−1
= −
1
m
L1, see (29) for n = 0.
For sl(m + 1|n + 1), where mn 6= 0, there are 2 “basic” types of Cartan matrices, see (28)
and (31):
(28) A−1m,0,n :=


Am
...
0
−1
0
. . . 0− 1 0 10 . . .
0
−1
0
...
An


−1
=
1
n−m
(
L1 L2
LT
2
L4
)
,
where, as shown in [WZ], L1 and L4 are (m + 1) × (m + 1) and n × n matrices, respectively,
defined, together with L2, by the following formulas
(29)
(L1)ij = ij + (n−m)min{i, j},
(L2)ij = i(n + 1− j),
(L4)ij = (n−m)min{i, j} − (m+ 1)(n+ 1− i− j) + ij.
To invert the Cartan matrix of the other type, namely (31), we set
(30) τn := An − α, where α :=
(
1 0
0 0n−1
)
.
Let us transform M 7→ N , where
(31) M := Am,00,n :=


Am−1
...
...
0 0
−1 0
0
. . . 0 −1
. . . 0 0
0 1
−1 0
0 0 . . .
1 0 . . .
0
−1 0
0 0
...
...
An


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and
N :=

Am−1
...
...
0 0
−1 0
0
. . . 0 0
. . . 0 0
1 0
0 1
−1 0 . . .
0 0 . . .
0
0 0
0 0
..
.
..
.
τn

=
(
Am−1 U 0
0 12 V
0 0 τn
)
.
We are seeking the matrix N−1 in the form
 X K L0 12 R
0 0 Z
.
Denote the ith row (resp. column) by r(i) (resp. c(i)). Consider the following transforma-
tions:
(32)
a) id+{c(m− 1)→ c(m− 1) + c(m+ 1)};
b) id+{r(m+ 2)→ r(m+ 2)− r(m+ 1)};
c) {r(m+ 1)→ −r(m+ 1)};
d) {r(m)↔ r(m+ 1)}.
Observe that τn is obtained from Tn, see (34), by transposing with respect to the side diagonal.
Applying transformations a)–d) in lexicographic order we obtain N from M .
From the equation
 Am−1 U 00 12 V
0 0 τn
 ·
 X K L0 12 R
0 0 Z
 = 1m+n+1 we get
(33)
Z = (τn)
−1 =Wn =

n n− 1 · · · 1
n− 1
...
1
Wn−1
 , R = −V Z = −VWn,
X = A−1m−1, K = −A
−1
m−1U, L = −A
−1
m−1UR = A
−1
m−1UVWn.
4.3. The case of osp. For osp(a|2b), there are 6 pairs of series and one single series of “basic”
types of Cartan matrices which, together with their inverses, are (34) — (40):
(34)
the matrix Tn, see [Str, Section 1.1], is inverted, e.g., in [WZ], where it is denoted Sn;
(T−1n )ij = min(i, j), where 1 ≤ i, j ≤ n.
(35) B−11,0,n :=


1 −1
−1 0
0 0 · · ·
1 0 · · ·
0 −1
0 0
...
...
An


−1
= see (41), (42).
4.4. Remark. Clearly, detX0 = −2, see eq. (35). Applying the recipe of Remark 4.1, we get
the expression of detX0 without any minus sign. The same applies to matrices (36) — (40).
(36) B−11,00,n :=


2 −2 0
−1 0 1
0 −1 0
0 0 · · ·
0 0 · · ·
1 0 · · ·
0 0 −1
0 0 0
...
...
...
An


−1
= see (41), (42).
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(37) C−11,0,n :=


2 −1
−2 0
0 0 · · ·
1 0 · · ·
0 −1
0 0
...
...
An


−1
= see (41), (42).
(38) B−12,0,n :=


2 −2
−1 0
0 0 · · ·
1 0 · · ·
0 −1
0 0
...
...
An


−1
= see (41), (42).
(39) D−12,0,n :=


2 0 −1
0 2 −1
−1 −1 0
0 0 · · ·
0 0 · · ·
1 0 · · ·
0 0 −1
0 0 0
...
...
...
An


−1
= see (41), (42).
(40) D−12,00,n :=


2 0 −1 0
0 2 −1 0
−1 −1 0 1
0 0 −1 0
0 0 · · ·
0 0 · · ·
0 0 · · ·
1 0 · · ·
0 0 0 −1
0 0 0 0
...
...
...
...
An


−1
= see (41), (42).
5. Proof of formulas (35)–(40). Answers: eqs. (41), (42)
There are several formulas for the inverse of various (invertible) block 2× 2 matrices. In our
particular cases, we can use the following ad hoc transformations and the known expressions
of A−1n and Wn = τ
−1
n , see (33).
1) Let m = 2, or 3, or 4, and U is the m × n-matrix with only non-zero element, 1, in the
bottom left corner. Invert the matrix of the form
M =
(
1m U
V An
)
, where V = UT .
Note that V U = α, see (30). It is easy to verify that
M−1 =
(
1m U
V An
)−1
=
(
1m + UWnV −UWn
−WnV Wn
)
.
2) In the above notation, consider the matrix of the form
N =
(
Q U
−V An
)
and find matrices L =
(
l 0
0 1n
)
and R =
(
r 0
0 1n
)
such that LNR =M , i.e.,
lQr = 1m, lU = U, V r = −V.
Set P := Q−1. In what follows, for the cases (35)–(40), we prove the existence of matrices L
and R and give the matrices P .
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Since rl = Q−1 = P , we have the following uniform answer for eqs. (35)–(40):
(41)
N−1 = RM−1L =
(
r 0
0 1n
)(
1m + UWnV −UWn
−WnV Wn
)(
l 0
0 1n
)
=
(
r 0
0 1n
)(
1m − lUWnV r −lUWn
WnV r Wn
)(
l 0
0 1n
)
=
(
rl − rlUWnV rl −rlUWn
WnV rl Wn
)
=
(
P − PUWnV P −PUWn
WnV P Wn
)
=
(
F G
H Wn
)
,
where (recall that m is the size of the upper left block of N)
(42)
Fij = Pij − nPimPmj ,
Gib = −(n− b+ 1)Pib,
Haj = (n− a+ 1)Paj .
Eq. (35). We perform the following transformations (recall eq. (32)):
a) c(2)→ c(2) + c(1); r(2)→ r(2) + r(1); c(2)→ −c(2);
b) r(3)→ r(3)− r(2):
B1,0,n :=

1 −1
−1 0
0 0 · · ·
1 0 · · ·
0 −1
0 0
...
...
An
 a)→

1 0
0 1
0 0 · · ·
1 0 · · ·
0 1
0 0
...
...
An
 b)→

1 0
0 1
0 0 · · ·
1 0 · · ·
0 0
0 0
.
..
.
..
An − α
 = C := (1 U0 An − α) =⇒ C−1 = (1 −UWn0 Wn ) ; P = −(0 11 1) .
Eq. (36). We perform the following transformations:
a) r(2)→ r(2) + 1
2
r(1); c(2)→ c(2) + c(1); c(3)→ c(3) + c(2); r(3)→ r(3)− r(2);
b) c(1)→ 1
2
c(1); c(2)→ −c(2); c(3)→ −c(3);
c) r(4)→ r(4) = r(3):
B1,00,n :=

2 −2 0
−1 0 1
0 −1 0
0 0 · · ·
0 0 · · ·
1 0 · · ·
0 0 −1
0 0 0
..
.
..
.
..
.
An
 a)→

2 0 0
0 −1 0
0 0 −1
0 0 · · ·
0 0 · · ·
1 0 · · ·
0 0 −1
0 0 0
..
.
..
.
..
.
An
 b)→

1 0 0
0 1 0
0 0 1
0 0 · · ·
0 0 · · ·
1 0 · · ·
0 0 1
0 0 0
.
..
.
..
.
..
An
 c)→

1 0 0
0 1 0
0 0 1
0 0 · · ·
0 0 · · ·
1 0 · · ·
0 0 0
0 0 0
.
..
.
..
.
..
An − α
 = C := ( 1 U0 An − α )
=⇒ C−1 =
(
1 −UWn
0 Wn
)
; P =
1
2
1 0 −20 0 −2
1 2 −2
 .
Eq. (37). We perform the following transformations:
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a) r(2)→ r(2) + r(1); c(2)→ 1
2
c(2); c(2)→ c(2) + c(1); c(2)→ −c(2);
b) r(3)→ r((3)− r(2):
C1,0,n :=

2 −1
−2 0
0 0 · · ·
1 0 · · ·
0 −1
0 0
..
.
..
.
An
 a)→

1 0
0 1
0 0 · · ·
1 0 · · ·
0 1
0 0
..
.
..
.
An
 b)→

1 0
0 1
0 0 · · ·
1 0 · · ·
0 0
0 0
.
..
.
..
An − α
 = C = (1 U0 An − α) =⇒ C−1 = (1 −UWn0 Wn ) ; P = −12 (0 12 2) .
Eq. (38). We perform the following transformations:
a) c(2)→ c(2) + c(1); r(1)→ 1
2
r(1); r(2)→ r(2) + r(1); c(2)→ −c(2);
b) r(3)→ r((3)− r(2):
B2,0,n :=

2 −2
−1 0
0 0 · · ·
1 0 · · ·
0 −1
0 0
.
..
.
..
An
 a)→

1 0
0 1
0 0 · · ·
1 0 · · ·
0 1
0 0
.
..
.
..
An
 b)→

1 0
0 1
0 0 · · ·
1 0 · · ·
0 0
0 0
...
...
An − α
 = C := ( 1 U0 An − α ) =⇒ C−1 = (1 −UWn0 Wn ) ; P = −12 (0 21 2)
Eq. (39) We perform the following transformations:
a) r(3)→ r(3) + 1
2
(r(1) + r(2)); c(1)→ 1
2
c(1); c(2)→ 1
2
c(2); c(3)→ c(3) + c(1) + c(2);
c(3)→ −c(3);
b) r(4)→ r(4)− r(3):
D2,0,n :=

2 0 −1
0 2 −1
−1 −1 0
0 0 · · ·
0 0 · · ·
1 0 · · ·
0 0 −1
0 0 0
...
...
...
An
 a)→

1 0 0
0 1 0
0 0 1
0 0 · · ·
0 0 · · ·
1 0 · · ·
0 0 1
0 0 0
...
...
...
An
 b)→
C :=
(
1 U
0 An − α
)
=⇒ C−1 =
(
1 −UWn
0 Wn
)
; P = −
1
4
(
1 −1 −2
−1 1 −2
−2 −2 −4
)
.
Eq. (40) We perform the following transformations:
a) r(3)→ r(3) + 1
2
(r(1) + r(2)); c(1)→ 1
2
c(1); c(2)→ 1
2
c(2); c(3)→ c(3) + c(1) + c(2);
b) c(4)→ c(4) + c(3); r(4)→ r(4)− r(3); c(3)→ −c(3); c(4)→ −c(4);
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c) r(5)→ r(5)− r(4):
D2,00,n :=

2 0 −1 0
0 2 −1 0
−1 −1 0 1
0 0 −1 0
0 0 · · ·
0 0 · · ·
0 0 · · ·
1 0 · · ·
0 0 0 −1
0 0 0 0
...
...
...
...
An

a)
→

1 0 0 0
0 1 0 0
0 0 −1 1
0 0 −1 0
0 0 · · ·
0 0 · · ·
0 0 · · ·
1 0 · · ·
0 0 0 −1
0 0 0 0
...
...
...
...
An

b)
→

1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1
0 0 · · ·
0 0 · · ·
0 0 · · ·
1 0 · · ·
0 0 0 1
0 0 0 0
...
...
...
...
An

c)
→ C :=
(
1 U
0 An − α
)
=⇒ C−1 =
(
1 −UWn
0 Wn
)
; P =
1
2
1 0 0 −10 1 0 −1
0 0 0 −2
1 1 2 −2
 .
6. Finite-dimensional exceptional Lie (super)algebras over C
In this section, the determinant of the Cartan matrix is equal to the minus denominator of
the fraction serving as a factor of the “matrix part” of the inverse matrix; if the factor is equal
to 1, then the determinant is equal to 1.
6.1. osp(4|2;α). Since osp(4|2; 1) ≃ osp(4|2), it is convenient to set α = 1 − ε to express
the deformed bracket in terms of ε. The inequivalent Cartan matrices of osp(4|2;α), where
α 6= 0,−1, i.e., ε 6= 1, 2, and their inverses, are
(43)
1)
(
2 −1 0
−1 0 −α
0 −1 2
)
−1
=
(
2 −1 0
−1 0 −1+ε
0 −1 2
)
−1
= − 1
2(2−ε)
(
ε−1 2 1−ε
2 4 2(1−ε)
1 2 −1
)
,
2)
(
0 1 −1−α
−1 0 −α
−1−α α 0
)
−1
=
(
0 1 −2+ε
−1 0 −1+ε
−2+ε 1−ε 0
)
−1
= − 1
2(ε−1)(2−ε)
(
(ε−1)2 −(ε−1)(ε−2) ε−1
(ε−1)(ε−2) −(ε−2)2 −(ε−2)
ε−1 ε−2 1
)
.
6.2. ag(2). The inequivalent Cartan matrices and their inverses are
(44)
1)
(
0 −1 0
−1 2 −3
0 −1 2
)
−1
= − 1
2
(
1 2 3
2 0 0
1 0 −1
)
, 2)
(
0 −1 0
−1 0 3
0 −1 2
)
−1
= − 1
2
(
3 2 −3
2 0 0
1 0 −1
)
,
3)
(
0 −3 1
−3 0 2
−1 −2 2
)
−1
= − 1
6
(
4 4 −6
4 1 −3
6 3 −9
)
, 4)
(
2 −1 0
−3 0 2
0 −1 1
)
−1
=
(
2 1 −2
3 2 −4
3 2 −3
)
6.3. ab(3). The inequivalent Cartan matrices and their inverses are
(45)
1)
(
2 −1 0 0
−3 0 1 0
0 −1 2 −2
0 0 −1 2
)
−1
= − 1
2
(
2 2 −2 −2
6 4 −4 −4
6 4 −6 −6
3 2 −3 −4
)
, 2)
(
0 −3 1 0
−3 0 2 0
1 2 0 −2
0 0 −1 2
)
−1
= − 1
6
(
−8 −2 −12 −12
−2 −2 −6 −6
−12 −6 −18 −18
−6 −3 −9 −12
)
,
3)
(
2 −1 0 0
−1 2 −1 0
0 −2 0 3
0 0 −1 2
)
−1
=
(
2 3 2 −3
3 6 4 −6
4 8 6 −9
2 4 3 −4
)
, 4)
(
2 −1 0 0
−2 0 2 −1
0 2 0 −1
0 −1 −1 2
)
−1
= − 1
6
(
−4 −1 −3 −2
−2 −2 −6 −4
−6 −6 −6 −6
−4 −4 −6 −8
)
,
5)
(
0 −1 0 0
−1 0 2 0
0 −1 2 −1
0 0 −1 2
)
−1
= 1
3
(
−4 3 −4 −2
−3 0 0 0
−2 0 −2 −1
−1 0 −1 −2
)
, 6)
(
2 −1 0 0
−1 2 −1 0
0 −2 2 −1
0 0 −1 0
)
−1
= − 1
3
(
−2 −1 0 1
−1 −2 0 2
0 0 0 3
2 4 3 2
)
7. Finite-dimensional exceptional simple modular Lie (super)algebras
For each Lie (super)algebra, we list its inequivalent Cartan matrices and their inverses.
7.1. p = 2; Lie (super)algebras. In this Subsection, ∗ on the main diagonal stands for
either 0¯ or 0; both can be viewed as 0 for our purposes.
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7.1.1. wk(4; a) and bgl(4; a), where a 6= 0, 1.
1)
(
0¯ a 0 0
a ∗ 1 0
0 1 ∗ 1
0 0 1 ∗
)
−1
=
(
0 a−1 0 a−1
a−1 0 0 0
0 0 0 1
a−1 0 1 0
)
, 2)
(
0¯ 1 1+a 0
1 ∗ a 0
a+1 a ∗ a
0 0 a ∗
)
−1
=

 0 1 0 11 0 0 1+a−1
0 0 0 a−1
1 1+a−1 a−1 0


3)
(
0¯ a 0 0
a ∗ a+1 0
0 a+1 ∗ 1
0 0 1 ∗
)
−1
=

 0 a−1 0 1+a−1a−1 0 0 0
0 0 0 1
1+a−1 0 1 0


7.1.2. ∆n = F(oo
(1)
IΠ(n0¯|n1¯)), where F is the desuperization functor, and oo
(1)
IΠ(n0¯|n1¯),
see [BGL]. In the simplest case, ∆n = F(osp(1|2n)); cf. [WK].
(46)

...
...
...
...
... ∗ 1 0
... 1 ∗ 1
··· 0 1 1

−1
=

1 1 1 1 1 1 ···
1 0 0 0 0 0 ···
1 0 1 1 1 1 ···
1 0 1 0 0 0 ···
1 0 1 0 1 1 ···
1 0 1 0 1 0 ···
...
...
...
...
...
...
...

7.1.3. e(6), e(6, 1) and e(6, 6).( ∗ 1 0 0 0 0
1 ∗ 1 0 0 0
0 1 ∗ 1 0 1
0 0 1 ∗ 1 0
0 0 0 1 ∗ 0
0 0 1 0 0 ∗
)−1
=
( 0 1 0 0 0 1
1 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 1 0
0 0 0 1 0 1
1 0 1 0 1 0
)
7.1.4. e(8), e(8, 1) and e(8, 8).
∗ 1 0 0 0 0 0 0
1 ∗ 1 0 0 0 0 0
0 1 ∗ 1 0 0 0 0
0 0 1 ∗ 1 0 0 0
0 0 0 1 ∗ 1 0 1
0 0 0 0 1 ∗ 1 0
0 0 0 0 0 1 ∗ 0
0 0 0 0 1 0 0 ∗

−1
=

0 1 0 1 0 0 0 1
1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 1
1 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1
0 0 0 0 0 0 1 0
0 0 0 0 0 1 0 1
1 0 1 0 1 0 1 0

7.1.5. sl(2n+ 1) and sl(a|b) for a+ b = 2n+ 1.
(47)

...
...
...
...
... ∗ 1 0
... 1 ∗ 1
··· 0 1 ∗

−1
=

0 1 0 1 0 1 ...
1 0 0 0 0 0 ...
0 0 0 1 0 1 ...
1 0 1 0 0 0 ...
0 0 0 0 0 1 ...
1 0 1 0 1 0 ...
0 0 0 0 0 0 ...
...
...
...
...
...
...
...

7.2. p = 3; Lie algebras.
7.2.1. br(2; ε) for ε 6= 0. ( 2 −1
−2 1−ε )
−1 = ε−1 ( 1−ε 12 2 )
7.2.2. br(3). 1)
(
2 −1 0
−1 2 −1
0 −1 0¯
)−1
=
(
2 0 1
0 0 2
1 2 0
)
, 2)
(
2 −1 0
−2 2 −1
0 −1 0¯
)−1
=
(
2 0 1
0 0 2
2 2 2
)
7.3. p = 3; Lie superalgebras.
7.3.1. brj(2; 3). 1) ( 0 −1
−2 1 )
−1 = ( 1 12 0 ) , 2) (
0 −1
−1 0¯ )
−1 = ( 0 11 0¯ ) , 3) (
1 −1
−1 0¯ )
−1 = ( 0 11 1 ) .
7.3.2. g(1, 6). 1)
(
2 −1 0
−1 1 −1
0 −1 0
)−1
=
(
2 0 1
0 0 2
1 2 1
)
, 2)
(
2 −1 0
−1 2 −2
0 −2 0
)−1
=
(
2 0 2
0 0 1
2 1 0
)
.
7.3.3. g(3, 6).
1)
(
0 −1 0 0
−1 2 −1 0
0 −1 1 −1
0 0 −1 0
)
−1
=
(
1 2 0 1
2 0 0 0
0 0 0 2
1 0 2 2
)
2)
(
0 −1 0 0
−1 0 −1 0
0 −1 1 −1
0 0 −1 0
)
−1
=
(
0 2 0 1
2 0 0 0
0 0 0 2
1 0 2 2
)
3)
(
0 −1 0 0
−1 2 −1 0
0 −1 2 −2
0 0 −1 0
)
−1
=
(
1 2 0 1
2 0 0 0
0 0 0 2
2 0 1 2
)
4)
(
2 −1 0 0
−1 0 −2 0
0 −2 2 −1
0 0 −1 0
)
−1
=
(
0 2 0 2
2 1 0 1
0 0 0 2
2 1 2 2
)
5)
(
0 −1 0 0
−2 0 −1 0
0 −1 2 −2
0 0 −1 0
)
−1
=
(
0 1 0 2
2 0 0 0
0 0 0 2
2 0 1 2
)
6)
(
2 −1 0 0
−1 0 −2 0
0 −2 0 −2
0 0 −1 0
)
−1
=
(
0 2 0 2
2 1 0 1
0 0 0 2
1 2 1 2
)
7)
(
2 −1 0 0
−1 2 −1 −1
0 −1 0 −1
0 −1 −1 2
)
−1
=
(
0 2 0 1
2 1 0 2
0 0 1 2
1 2 2 1
)
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7.3.4. g(4, 3).
1)
(
2 −1 0 0
−1 2 −2 −1
0 −1 2 0
0 −1 0 0
)
−1
=
(
2 0 0 1
0 0 0 2
0 0 2 1
1 2 2 1
)
2)
(
2 −1 0 0
−1 0 −2 −2
0 −1 2 0
0 −1 0 0
)
−1
=
(
2 0 0 1
0 0 0 2
0 0 2 1
2 1 1 0
)
3)
(
0 −1 0 0
−2 0 −1 −1
0 −1 0 −1
0 −1 −1 2
)
−1
=
(
1 1 0 2
2 0 0 0
0 0 1 2
1 0 2 0
)
4)
(
0 −1 0 0
−1 2 −1 −1
0 −1 0 −1
0 −1 −1 2
)
−1
=
(
0 2 0 1
2 0 0 0
0 0 1 2
1 0 2 0
)
5)
(
0 −1 0 0
−1 2 −1 0
0 −1 0 −1
0 0 −1 0
)
−1
=
(
1 2 0 1
2 0 0 0
0 0 0 2
1 0 2 0
)
6)
(
0 −1 0 0
−1 0 −2 0
0 −1 0 −1
0 0 −1 0
)
−1
=
(
0 2 0 2
2 0 0 0
0 0 0 2
1 0 2 0
)
7)
(
0 −1 0 0
−1 2 −1 0
0 −2 2 −1
0 0 −1 0
)
−1
=
(
1 2 0 1
2 0 0 0
0 0 0 2
2 0 2 1
)
8)
(
2 −1 0 0
−2 0 −1 0
0 −1 2 −2
0 0 −1 0
)
−1
=
(
0 1 0 2
2 2 0 1
0 0 0 2
2 2 1 0
)
9)
(
0 −1 0 0
−1 0 −2 0
0 −2 2 −1
0 0 −1 0
)
−1
=
(
0 2 0 2
2 0 0 0
0 0 0 2
2 0 2 1
)
10)
(
2 −1 0 0
−2 0 −1 0
0 −1 1 −1
0 0 −1 0
)
−1
=
(
0 1 0 2
2 2 0 1
0 0 0 2
1 1 2 1
)
7.3.5. g(8, 3).
1)

 2 −1 0 0 0−1 2 −1 0 00 −2 2 −1 0
0 0 −1 2 −1
0 0 0 1 0


−1
=
(
1 1 2 0 2
1 2 1 0 1
1 2 0 0 0
0 0 0 0 1
2 1 0 2 2
)
2)

 2 −1 0 0 0−1 2 −1 0 00 −2 2 −1 0
0 0 −2 0 −1
0 0 0 −1 0


−1
=
(
1 1 2 0 1
1 2 1 0 2
1 2 0 0 0
0 0 0 0 2
1 2 0 2 0
)
3)

 2 −1 0 0 0−1 2 −1 0 00 −1 0 −1 0
0 0 −1 0 −2
0 0 0 −1 2


−1
=
( 1 1 1 2 2
1 2 2 1 1
1 2 0 0 0
2 1 0 2 2
1 2 0 1 0
)
4)

 2 −1 0 0 0−1 0 −2 −2 00 −1 0 −1 0
0 −1 −1 2 −1
0 0 0 −1 2


−1
=
( 1 1 1 1 2
1 2 2 2 1
2 1 1 0 0
2 1 0 1 2
1 2 0 2 0
)
5)

 0 −1 0 0 0−2 0 −1 −1 00 −1 2 0 0
0 −1 0 0 −2
0 0 0 −1 2


−1
=
( 2 1 2 2 2
2 0 0 0 0
1 0 2 0 0
1 0 0 2 2
2 0 0 1 0
)
6)

 0 −1 0 0 0−1 2 −1 −1 00 −1 2 0 0
0 −1 0 0 −2
0 0 0 −1 2


−1
=
( 2 2 1 1 1
2 0 0 0 0
1 0 2 0 0
1 0 0 2 2
2 0 0 1 0
)
7)

 0 −1 0 0 0−1 2 −2 −1 00 −1 2 0 0
0 −2 0 0 −1
0 0 0 −1 0


−1
=
(
2 2 2 0 1
2 0 0 0 0
1 0 2 0 0
0 0 0 0 2
2 0 0 2 0
)
8)

 0 −1 0 0 0−1 0 −1 −2 00 −1 2 0 0
0 −2 0 0 −1
0 0 0 −1 0


−1
=
(
2 2 1 0 2
2 0 0 0 0
1 0 2 0 0
0 0 0 0 2
2 0 0 2 0
)
9)

 0 −1 0 0 0−1 2 −2 −1 00 −1 2 0 0
0 −1 0 2 −1
0 0 0 −1 0


−1
=
(
2 2 2 0 1
2 0 0 0 0
1 0 2 0 0
0 0 0 0 2
1 0 0 2 1
)
10)

 2 −1 −1 0 01 0 1 2 01 1 0 0 0
0 −1 0 2 −1
0 0 0 −1 0


−1
=
(
1 1 1 0 2
2 2 0 0 1
2 0 2 0 0
0 0 0 0 2
1 1 0 2 0
)
11)

 0 −1 0 0 0−1 0 −1 −2 00 −1 2 0 0
0 −1 0 2 −1
0 0 0 −1 0


−1
=
(
2 2 1 0 2
2 0 0 0 0
1 0 2 0 0
0 0 0 0 2
1 0 0 2 1
)
12)

 0 0 −1 0 00 2 −1 −1 0−1 −1 0 0 0
0 −1 0 2 −1
0 0 0 −1 0


−1
=
(
2 1 2 0 2
1 2 0 0 1
2 0 0 0 0
0 0 0 0 2
2 1 0 2 0
)
13)

 2 −1 −1 0 0−1 0 −1 −2 0−1 −1 0 0 0
0 −2 0 0 −1
0 0 0 −1 0


−1
=
( 1 2 2 0 2
2 1 0 0 1
2 0 1 0 0
0 0 0 0 2
2 1 0 2 1
)
14)

 0 0 −1 0 00 2 −1 −1 0−1 −2 2 0 0
0 −1 0 2 −1
0 0 0 −1 0


−1
=
( 2 2 2 0 1
1 2 0 0 1
2 0 0 0 0
0 0 0 0 2
2 1 0 2 0
)
15)

 0 0 −1 0 00 2 −1 −1 0−1 −1 0 0 0
0 −2 0 0 −1
0 0 0 −1 0


−1
=
( 2 1 2 0 2
1 2 0 0 1
2 0 0 0 0
0 0 0 0 2
1 2 0 2 1
)
16)

 2 −1 −1 0 0−1 2 −1 −1 0−1 −1 0 0 0
0 −1 0 0 −2
0 0 0 −1 2


−1
=
( 1 2 2 1 1
2 1 0 2 2
2 0 1 0 0
1 2 0 0 0
2 1 0 0 2
)
17)

 0 0 −1 0 00 2 −1 −1 0−1 −2 2 0 0
0 −2 0 0 −1
0 0 0 −1 0


−1
=
(
2 2 2 0 1
1 2 0 0 1
2 0 0 0 0
0 0 0 0 2
1 2 0 2 1
)
18)

 0 0 −1 0 00 0 −2 −1 0−1 −1 0 0 0
0 −1 0 0 −2
0 0 0 −1 2


−1
=
(
2 2 2 1 1
1 1 0 2 2
2 0 0 0 0
2 2 0 0 0
1 1 0 0 2
)
19)

 0 0 −1 0 00 0 −2 −1 0−1 −2 2 0 0
0 −1 0 0 −2
0 0 0 −1 2


−1
=
(
2 1 2 2 2
1 1 0 2 2
2 0 0 0 0
2 2 0 0 0
1 1 0 0 2
)
20)

 0 0 −1 0 00 0 −1 −2 0−2 −1 2 0 0
0 −1 0 2 −1
0 0 0 −1 2


−1
=
(
2 0 1 2 1
0 0 0 2 1
2 0 0 0 0
2 1 0 0 0
1 2 0 0 2
)
21)

 0 0 −1 0 00 0 −1 −2 0−1 −1 1 0 0
0 −1 0 2 −1
0 0 0 −1 2


−1
=
( 2 0 2 1 2
0 0 0 2 1
2 0 0 0 0
2 1 0 0 0
1 2 0 0 2
)
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7.3.6. el(5; 3).
1)

 0 −1 0 0 0−1 0 0 −1 00 0 2 −1 −1
0 −1 −1 2 0
0 0 −1 0 2


−1
=
( 0 2 1 0 2
2 0 0 0 0
1 0 1 2 2
0 0 2 0 1
2 0 2 1 0
)
, 2)

 0 −2 0 0 0−1 2 0 −2 00 0 2 −1 −1
0 −1 −1 2 0
0 0 −1 0 2


−1
=
( 2 2 2 0 1
1 0 0 0 0
2 0 1 2 2
0 0 2 0 1
1 0 2 1 0
)
,
3)

 2 −1 0 −1 0−2 0 0 −2 00 0 2 −1 −1
−2 −2 −1 0 0
0 0 −1 0 2


−1
=
( 0 1 1 0 2
2 2 0 0 0
2 0 1 2 2
0 0 2 0 1
1 0 2 1 0
)
, 4)

 0 0 0 −1 00 2 0 −1 00 0 0 −2 −1
−1 −1 −2 0 0
0 0 −1 0 2


−1
=
( 0 1 1 2 2
1 2 0 0 0
1 0 1 0 2
2 0 0 0 0
2 0 2 0 0
)
,
5)

 0 0 0 −2 00 2 0 −1 00 0 0 −2 −1
−1 −2 −1 2 0
0 0 −1 0 2


−1
=
(
2 2 2 2 1
2 2 0 0 0
2 0 1 0 2
1 0 0 0 0
1 0 2 0 0
)
, 6)

 0 0 0 −1 00 2 0 −1 00 0 0 −1 −2
−1 −1 −1 2 0
0 0 −2 0 0


−1
=
(
0 1 0 2 2
1 2 0 0 0
0 0 0 0 1
2 0 0 0 0
2 0 1 0 0
)
,
7)

 0 0 0 −2 00 2 0 −1 00 0 0 −1 −2
−2 −1 −1 0 0
0 0 −2 0 0


−1
=
(
2 2 0 1 1
2 2 0 0 0
0 0 0 0 1
1 0 0 0 0
1 0 1 0 0
)
, 8)

 0 0 0 −1 00 2 0 −1 00 0 2 −1 −1
−1 −1 −1 2 0
0 0 −1 0 0


−1
=
(
0 1 0 2 1
1 2 0 0 0
0 0 0 0 2
2 0 0 0 0
1 0 2 0 1
)
,
9)

 2 0 0 −1 00 0 −2 −2 00 −1 2 −1 −1
−1 −2 −2 0 0
0 0 −2 0 0


−1
=
( 2 2 0 0 1
2 2 0 1 0
0 0 0 0 1
0 1 0 0 2
1 0 2 2 0
)
, 10)

 0 0 0 −2 00 2 0 −1 00 0 2 −1 −1
−2 −1 −1 0 0
0 0 −1 0 0


−1
=
( 2 2 0 1 2
2 2 0 0 0
0 0 0 0 2
1 0 0 0 0
2 0 2 0 1
)
,
11)

 2 0 0 −1 00 0 −1 −1 00 −1 0 0 −2
−1 −1 0 2 0
0 0 −2 0 0


−1
=
( 2 1 0 0 1
1 0 0 2 0
0 0 0 0 1
0 2 0 0 2
1 0 1 2 0
)
, 12)

 2 0 0 −1 00 0 −2 −2 00 −2 0 −2 −1
−1 −2 −2 0 0
0 0 −1 0 0


−1
=
( 2 2 0 0 2
2 2 0 1 0
0 0 0 0 2
0 1 0 0 1
2 0 2 1 1
)
,
13)

 2 0 0 −1 00 2 −1 −2 00 −2 0 0 −1
−1 −1 0 2 0
0 0 −1 0 2


−1
=
( 2 2 2 0 1
1 0 0 2 0
2 0 1 1 2
0 1 1 0 2
1 0 2 2 0
)
, 14)

 2 0 0 −1 00 0 −1 −1 00 −1 2 0 −1
−1 −1 0 2 0
0 0 −1 0 0


−1
=
( 2 1 0 0 2
1 0 0 2 0
0 0 0 0 2
0 2 0 0 1
2 0 2 1 1
)
,
15)

 2 0 0 −1 00 2 −1 0 00 −1 0 −1 −2
−1 0 −1 2 0
0 0 −1 0 2


−1
=
(
2 2 1 0 1
2 2 0 1 0
1 0 0 2 0
0 1 2 0 2
2 0 0 1 2
)
7.3.7. g(4, 6).
1)


2 −1 0 0 0 0
−1 2 −1 0 0 0
0 −1 2 −1 0 0
0 0 −2 0 −2 −1
0 0 0 −1 2 0
0 0 0 −1 0 0


−1
=

 0 2 1 0 0 22 1 2 0 0 11 2 0 0 0 0
0 0 0 0 0 2
0 0 0 0 2 1
1 2 0 2 2 1

 2)


2 −1 0 0 0 0
−1 2 −1 0 0 0
0 −2 0 −1 −1 0
0 0 −1 0 −1 −2
0 0 −1 −1 0 0
0 0 0 −1 0 2


−1
=

 0 2 2 1 0 12 1 1 2 0 21 2 0 0 0 0
2 1 0 0 2 0
0 0 0 2 1 2
1 2 0 0 1 2


3)


2 −1 0 0 0 0
−1 2 −1 0 0 0
0 −1 2 −1 0 0
0 0 −1 2 −1 −1
0 0 0 −1 2 0
0 0 0 −1 0 0


−1
=

 0 2 1 0 0 22 1 2 0 0 11 2 0 0 0 0
0 0 0 0 0 2
0 0 0 0 2 1
2 1 0 2 1 0

 4)


2 −1 0 0 0 0
−2 0 −1 0 0 0
0 −1 0 −2 −2 0
0 0 −1 2 0 −1
0 0 −1 0 2 0
0 0 0 −1 0 2


−1
=

 0 1 0 2 0 12 2 0 1 0 20 0 0 2 0 1
2 2 1 0 1 0
0 0 0 1 2 2
1 1 2 0 2 2


5)


2 −1 0 0 0 0
−1 2 −1 0 0 0
0 −1 2 0 −1 0
0 0 0 2 −1 −1
0 0 −1 −1 0 0
0 0 0 −1 0 2


−1
=

 0 2 1 2 0 12 1 2 1 0 21 2 0 0 0 0
2 1 0 0 2 0
0 0 0 2 0 1
1 2 0 0 1 2

 6)


0 −1 0 0 0 0
−1 0 −2 0 0 0
0 −1 2 −1 −1 0
0 0 −1 2 0 −1
0 0 −1 0 2 0
0 0 0 −1 0 2


−1
=

 0 2 0 2 0 12 0 0 0 0 00 0 0 2 0 1
1 0 2 0 1 0
0 0 0 1 2 2
2 0 1 0 2 2


7)


0 −1 0 0 0 0
−1 2 −1 0 0 0
0 −1 2 −1 −1 0
0 0 −1 2 0 −1
0 0 −1 0 2 0
0 0 0 −1 0 2


−1
=

 1 2 0 1 0 22 0 0 0 0 00 0 0 2 0 1
1 0 2 0 1 0
0 0 0 1 2 2
2 0 1 0 2 2


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7.3.8. g(6, 6).
1)


0 −1 0 0 0 0
−1 0 −2 0 0 0
0 −1 2 −1 0 0
0 0 −2 0 −2 −1
0 0 0 −1 2 0
0 0 0 −1 0 0


−1
=

 1 2 2 0 0 12 0 0 0 0 01 0 2 0 0 1
0 0 0 0 0 2
0 0 0 0 2 1
1 0 2 2 2 2

 2)


0 −2 0 0 0 0
−1 2 −1 0 0 0
0 −1 2 −1 0 0
0 0 −2 0 −2 −1
0 0 0 −1 2 0
0 0 0 −1 0 0


−1
=

 0 2 1 0 0 21 0 0 0 0 02 0 2 0 0 1
0 0 0 0 0 2
0 0 0 0 2 1
2 0 2 2 2 2


3)


2 −1 0 0 0 0
−2 0 −1 0 0 0
0 −1 0 −2 0 0
0 0 −2 0 −2 −1
0 0 0 −1 2 0
0 0 0 −1 0 0


−1
=

 2 0 1 0 0 10 0 2 0 0 22 2 1 0 0 1
0 0 0 0 0 2
0 0 0 0 2 1
2 2 1 2 2 2

 4)


0 −1 0 0 0 0
−1 0 −2 0 0 0
0 −2 0 −1 −1 0
0 0 −1 0 −1 −2
0 0 −1 −1 0 0
0 0 0 −1 0 2


−1
=

 1 2 1 2 0 22 0 0 0 0 01 0 1 2 0 2
2 0 2 1 2 1
0 0 0 2 1 2
1 0 1 2 1 1


5)


0 −1 0 0 0 0
−1 0 −2 0 0 0
0 −1 2 −1 0 0
0 0 −1 2 −1 −1
0 0 0 −1 2 0
0 0 0 −1 0 0


−1
=

 1 2 2 0 0 12 0 0 0 0 01 0 2 0 0 1
0 0 0 0 0 2
0 0 0 0 2 1
2 0 1 2 1 2

 6)


0 −1 0 0 0 0
−1 2 −1 0 0 0
0 −2 0 −1 −1 0
0 0 −1 0 −1 −2
0 0 −1 −1 0 0
0 0 0 −1 0 2


−1
=

 0 2 2 1 0 12 0 0 0 0 01 0 1 2 0 2
2 0 2 1 2 1
0 0 0 2 1 2
1 0 1 2 1 1


7)


0 −1 0 0 0 0
−1 2 −1 0 0 0
0 −1 2 −1 0 0
0 0 −1 2 −1 −1
0 0 0 −1 2 0
0 0 0 −1 0 0


−1
=

 0 2 1 0 0 22 0 0 0 0 01 0 2 0 0 1
0 0 0 0 0 2
0 0 0 0 2 1
2 0 1 2 1 2

 8)


2 −1 0 0 0 0
−1 2 −1 0 0 0
0 −2 0 −1 0 0
0 0 −1 2 −2 −1
0 0 0 −1 2 0
0 0 0 −1 0 0


−1
=

 2 0 2 0 0 10 0 1 0 0 21 2 0 0 0 0
0 0 0 0 0 2
0 0 0 0 2 1
2 1 0 2 2 2


9)


2 −1 0 0 0 0
−2 0 −1 0 0 0
0 −1 2 −1 −1 0
0 0 −1 0 −1 −2
0 0 −1 −1 0 0
0 0 0 −1 0 2


−1
=

 2 0 1 2 0 20 0 2 1 0 12 2 1 2 0 2
1 1 2 1 2 1
0 0 0 2 1 2
2 2 1 2 1 1

 10)


2 −1 0 0 0 0
−2 0 −1 0 0 0
0 −1 0 −2 0 0
0 0 −1 2 −1 −1
0 0 0 −1 2 0
0 0 0 −1 0 0


−1
=

 2 0 1 0 0 10 0 2 0 0 22 2 1 0 0 1
0 0 0 0 0 2
0 0 0 0 2 1
1 1 2 2 1 2


11)


0 −1 0 0 0 0
−1 2 −1 0 0 0
0 −1 0 −2 −2 0
0 0 −1 2 0 −1
0 0 −1 0 2 0
0 0 0 −1 0 2


−1
=

 1 2 0 1 0 22 0 0 0 0 00 0 0 2 0 1
2 0 1 2 1 1
0 0 0 1 2 2
1 0 2 1 2 1

 12)


0 −1 0 0 0 0
−1 0 −2 0 0 0
0 −1 2 0 −1 0
0 0 0 2 −1 −1
0 0 −1 −1 0 0
0 0 0 −1 0 2


−1
=

 1 2 2 1 0 22 0 0 0 0 01 0 2 1 0 2
2 0 1 2 2 1
0 0 0 2 0 1
1 0 2 1 1 1


13)


0 −1 0 0 0 0
−2 0 −1 0 0 0
0 −1 0 −2 −2 0
0 0 −1 2 0 −1
0 0 −1 0 2 0
0 0 0 −1 0 2


−1
=

 0 1 0 2 0 12 0 0 0 0 00 0 0 2 0 1
2 0 1 2 1 1
0 0 0 1 2 2
1 0 2 1 2 1

 14)


0 −1 0 0 0 0
−1 2 −1 0 0 0
0 −1 2 0 −1 0
0 0 0 2 −1 −1
0 0 −1 −1 0 0
0 0 0 −1 0 2


−1
=

 0 2 1 2 0 12 0 0 0 0 01 0 2 1 0 2
2 0 1 2 2 1
0 0 0 2 0 1
1 0 2 1 1 1


15)


2 −1 0 0 0 0
−1 2 −1 0 0 0
0 −2 0 −1 0 0
0 0 −1 0 −2 −2
0 0 0 −1 2 0
0 0 0 −1 0 0


−1
=

 2 0 2 0 0 10 0 1 0 0 21 2 0 0 0 0
0 0 0 0 0 2
0 0 0 0 2 1
1 2 0 1 1 2

 16)


2 −1 0 0 0 0
−2 0 −1 0 0 0
0 −1 0 0 −2 0
0 0 0 2 −1 −1
0 0 −1 −1 0 0
0 0 0 −1 0 2


−1
=

 2 0 1 1 0 20 0 2 2 0 12 2 1 1 0 2
1 1 2 2 2 1
0 0 0 2 0 1
2 2 1 1 1 1


17)


2 −1 0 0 0 0
−1 0 −2 0 0 0
0 −1 2 −1 −1 0
0 0 −1 2 0 −1
0 0 −1 0 2 0
0 0 0 −1 0 2


−1
=

 0 2 0 2 0 12 1 0 1 0 20 0 0 2 0 1
1 2 2 2 1 1
0 0 0 1 2 2
2 1 1 1 2 1

 18)


2 −1 0 0 0 0
−1 2 −1 0 0 0
0 −1 2 −1 0 0
0 0 −2 0 −1 −1
0 0 0 −1 0 −1
0 0 0 −1 −1 2


−1
=

 2 0 1 1 0 20 0 2 2 0 11 2 0 0 0 0
2 1 0 1 0 2
0 0 0 0 1 2
1 2 0 2 2 1


19)


2 −1 0 0 0 0
−1 2 −1 0 0 0
0 −2 0 0 −1 0
0 0 0 2 −1 −1
0 0 −1 −2 2 0
0 0 0 −1 0 2


−1
=

 2 0 2 1 0 20 0 1 2 0 11 2 0 0 0 0
1 2 0 2 1 1
0 0 0 2 0 1
2 1 0 1 2 1

 20)


2 −1 0 0 0 0
−1 2 −1 0 0 0
0 −1 2 −1 0 0
0 0 −1 2 −1 0
0 0 0 −1 0 −1
0 0 0 0 −1 0


−1
=

 2 0 1 2 0 10 0 2 1 0 21 2 0 0 0 0
2 1 0 2 0 1
0 0 0 0 0 2
1 2 0 1 2 2


21)


2 −1 0 0 0 0
−1 2 −1 0 0 0
0 −1 2 −1 0 0
0 0 −1 2 −1 0
0 0 0 −2 2 −1
0 0 0 0 −1 0


−1
=

 2 0 1 2 0 10 0 2 1 0 21 2 0 0 0 0
2 1 0 2 0 1
0 0 0 0 0 2
2 1 0 2 2 2


7.3.9. g(8, 6).
1)


2 0 −1 0 0 0 0
0 2 0 −1 0 0 0
−1 0 2 −1 0 0 0
0 −1 −1 2 −1 0 0
0 0 0 −1 2 −1 0
0 0 0 0 −2 0 −1
0 0 0 0 0 −1 0


−1
=


1 2 1 1 2 0 1
2 2 1 0 0 0 0
1 1 2 2 1 0 2
1 0 2 0 0 0 0
2 0 1 0 2 0 1
0 0 0 0 0 0 2
2 0 1 0 2 2 1

 2)


2 0 −1 0 0 0 0
0 2 0 −1 0 0 0
−1 0 2 −1 0 0 0
0 −1 −1 2 −1 0 0
0 0 0 −2 0 −1 0
0 0 0 0 −1 0 −2
0 0 0 0 0 −1 2


−1
=


1 2 1 1 1 2 2
2 2 1 0 0 0 0
1 1 2 2 2 1 1
1 0 2 0 0 0 0
2 0 1 0 1 2 2
1 0 2 0 2 0 0
2 0 1 0 1 0 2


3)


2 0 −1 0 0 0 0
0 2 0 −1 0 0 0
−1 0 2 −1 0 0 0
0 −1 −1 2 −1 0 0
0 0 0 −1 2 −1 0
0 0 0 0 −1 2 −1
0 0 0 0 0 −1 0


−1
=


1 2 1 1 2 0 1
2 2 1 0 0 0 0
1 1 2 2 1 0 2
1 0 2 0 0 0 0
2 0 1 0 2 0 1
0 0 0 0 0 0 2
1 0 2 0 1 2 0

 4)


2 0 −1 0 0 0 0
0 2 0 −1 0 0 0
−1 0 2 −1 0 0 0
0 −2 −2 0 −1 0 0
0 0 0 −1 0 −2 0
0 0 0 0 −1 2 −1
0 0 0 0 0 −1 2


−1
=


1 2 1 2 0 1 2
2 2 1 0 0 0 0
1 1 2 1 0 2 1
1 0 2 0 0 0 0
0 0 0 0 0 2 1
1 0 2 0 1 0 0
2 0 1 0 2 0 2


5)


2 0 −1 0 0 0 0
0 0 −1 −1 0 0 0
−2 −1 0 −1 0 0 0
0 −1 −1 0 −2 0 0
0 0 0 −1 2 −1 0
0 0 0 0 −1 2 −1
0 0 0 0 0 −1 2


−1
=


1 1 2 1 0 1 2
2 1 2 0 0 0 0
1 2 1 2 0 2 1
2 0 2 1 0 1 2
0 0 0 0 0 2 1
1 0 1 2 2 0 0
2 0 2 1 1 0 2

 6)


2 0 −1 0 0 0 0
0 0 −2 −2 0 0 0
−1 −1 2 0 0 0 0
0 −1 0 2 −1 0 0
0 0 0 −1 2 −1 0
0 0 0 0 −1 2 −1
0 0 0 0 0 −1 2


−1
=


1 2 1 2 0 1 2
1 0 2 0 0 0 0
1 1 2 1 0 2 1
2 0 1 2 0 1 2
0 0 0 0 0 2 1
1 0 2 1 2 0 0
2 0 1 2 1 0 2


7)


0 0 −1 0 0 0 0
0 2 −1 0 0 0 0
−1 −2 0 −2 0 0 0
0 0 −1 2 −1 0 0
0 0 0 −1 2 −1 0
0 0 0 0 −1 2 −1
0 0 0 0 0 −1 2


−1
=


2 2 2 2 0 1 2
1 2 0 0 0 0 0
2 0 0 0 0 0 0
1 0 0 2 0 1 2
0 0 0 0 0 2 1
2 0 0 1 2 0 0
1 0 0 2 1 0 2

 8)


0 0 −1 0 0 0 0
0 2 −1 0 0 0 0
−1 −1 2 −1 0 0 0
0 0 −1 2 −1 0 0
0 0 0 −1 2 −1 0
0 0 0 0 −1 2 −1
0 0 0 0 0 −1 2


−1
=


2 1 2 1 0 2 1
1 2 0 0 0 0 0
2 0 0 0 0 0 0
1 0 0 2 0 1 2
0 0 0 0 0 2 1
2 0 0 1 2 0 0
1 0 0 2 1 0 2


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7.3.10. el(5; 3).
1)

 0 −1 0 0 0−1 0 0 −1 00 0 2 −1 −1
0 −1 −1 2 0
0 0 −1 0 2


−1
=
(
0 2 1 0 2
2 0 0 0 0
1 0 1 2 2
0 0 2 0 1
2 0 2 1 0
)
2)

 0 −2 0 0 0−1 2 0 −2 00 0 2 −1 −1
0 −1 −1 2 0
0 0 −1 0 2


−1
=
(
2 2 2 0 1
1 0 0 0 0
2 0 1 2 2
0 0 2 0 1
1 0 2 1 0
)
3)

 2 −1 0 −1 0−2 0 0 −2 00 0 2 −1 −1
−2 −2 −1 0 0
0 0 −1 0 2


−1
=
(
0 1 1 0 2
2 2 0 0 0
2 0 1 2 2
0 0 2 0 1
1 0 2 1 0
)
4)

 0 0 0 −1 00 2 0 −1 00 0 0 −2 −1
−1 −1 −2 0 0
0 0 −1 0 2


−1
=
(
0 1 1 2 2
1 2 0 0 0
1 0 1 0 2
2 0 0 0 0
2 0 2 0 0
)
5)

 0 0 0 −2 00 2 0 −1 00 0 0 −2 −1
−1 −2 −1 2 0
0 0 −1 0 2


−1
=
( 2 2 2 2 1
2 2 0 0 0
2 0 1 0 2
1 0 0 0 0
1 0 2 0 0
)
6)

 0 0 0 −1 00 2 0 −1 00 0 0 −1 −2
−1 −1 −1 2 0
0 0 −2 0 0


−1
=
( 0 1 0 2 2
1 2 0 0 0
0 0 0 0 1
2 0 0 0 0
2 0 1 0 0
)
7)

 0 0 0 −2 00 2 0 −1 00 0 0 −1 −2
−2 −1 −1 0 0
0 0 −2 0 0


−1
=
( 2 2 0 1 1
2 2 0 0 0
0 0 0 0 1
1 0 0 0 0
1 0 1 0 0
)
8)

 0 0 0 −1 00 2 0 −1 00 0 2 −1 −1
−1 −1 −1 2 0
0 0 −1 0 0


−1
=
( 0 1 0 2 1
1 2 0 0 0
0 0 0 0 2
2 0 0 0 0
1 0 2 0 1
)
9)

 2 0 0 −1 00 0 −2 −2 00 −1 2 −1 −1
−1 −2 −2 0 0
0 0 −2 0 0


−1
=
(
2 2 0 0 1
2 2 0 1 0
0 0 0 0 1
0 1 0 0 2
1 0 2 2 0
)
10)

 0 0 0 −2 00 2 0 −1 00 0 2 −1 −1
−2 −1 −1 0 0
0 0 −1 0 0


−1
=
(
2 2 0 1 2
2 2 0 0 0
0 0 0 0 2
1 0 0 0 0
2 0 2 0 1
)
11)

 2 0 0 −1 00 0 −1 −1 00 −1 0 0 −2
−1 −1 0 2 0
0 0 −2 0 0


−1
=
(
2 1 0 0 1
1 0 0 2 0
0 0 0 0 1
0 2 0 0 2
1 0 1 2 0
)
12)

 2 0 0 −1 00 0 −2 −2 00 −2 0 −2 −1
−1 −2 −2 0 0
0 0 −1 0 0


−1
=
(
2 2 0 0 2
2 2 0 1 0
0 0 0 0 2
0 1 0 0 1
2 0 2 1 1
)
13)

 2 0 0 −1 00 2 −1 −2 00 −2 0 0 −1
−1 −1 0 2 0
0 0 −1 0 2


−1
=
( 2 2 2 0 1
1 0 0 2 0
2 0 1 1 2
0 1 1 0 2
1 0 2 2 0
)
14)

 2 0 0 −1 00 0 −1 −1 00 −1 2 0 −1
−1 −1 0 2 0
0 0 −1 0 0


−1
=
( 2 1 0 0 2
1 0 0 2 0
0 0 0 0 2
0 2 0 0 1
2 0 2 1 1
)
15)

 2 0 0 −1 00 2 −1 0 00 −1 0 −1 −2
−1 0 −1 2 0
0 0 −1 0 2


−1
=
( 2 2 1 0 1
2 2 0 1 0
1 0 0 2 0
0 1 2 0 2
2 0 0 1 2
)
7.4. p = 5.
7.4.1. brj(2; 5). 1)
(
0 −1
−2 1
)−1
= 1
3
( 1 12 0 ) , 2)
(
0 −1
−3 2
)−1
= 1
2
( 2 13 0 ) .
7.4.2. el(5; 5).
1)

 2 0 −1 0 00 2 0 0 −1−1 0 0 −4 −4
0 0 −4 0 −2
0 −1 −4 −2 0


−1
=
( 2 2 3 3 4
2 4 4 0 2
3 4 1 1 3
3 0 1 3 0
4 2 3 0 4
)
2)

 0 0 −4 0 00 2 0 0 −1−4 0 0 −1 −1
0 0 −1 2 0
0 −1 −1 0 2


−1
=
( 2 2 1 3 4
2 4 0 0 2
1 0 0 0 0
3 0 0 3 0
4 2 0 0 4
)
3)

 2 0 −1 0 00 2 0 0 −1−1 0 2 −1 0
0 0 −1 0 2
0 −2 0 −1 2


−1
=
(
2 2 3 4 2
2 4 4 1 1
3 4 1 3 4
4 1 3 2 1
4 2 3 2 2
)
4)

 2 0 −1 0 00 0 0 2 −4−1 0 2 0 −1
0 −1 0 2 −1
0 −4 −1 2 0


−1
=
(
2 2 3 4 4
2 4 4 0 1
3 4 1 3 3
3 0 1 4 4
4 1 3 2 2
)
5)

 0 0 −1 0 00 2 0 0 −1−1 0 2 −1 −1
0 0 −1 2 0
0 −1 −1 0 2


−1
=
(
0 3 4 2 1
3 4 0 0 2
4 0 0 0 0
2 0 0 3 0
1 2 0 0 4
)
6)

 2 0 −1 0 00 0 0 −2 −1−1 0 2 0 −1
0 −2 0 0 0
0 −1 −1 0 2


−1
=
(
2 0 3 3 4
0 0 0 2 0
3 0 1 1 3
3 2 1 3 4
4 0 3 4 2
)
7)

 2 0 −1 0 00 2 0 −1 −2
−1 0 2 0 −1
0 2 0 0 0
0 −1 −1 0 2


−1
=
( 2 0 3 2 4
0 0 0 3 0
3 0 1 4 3
2 4 4 4 1
4 0 3 1 2
)
8. Simple hyperbolic Lie algebras and almost affine Lie superalgebras over C
The numbering of Cartan matrices follows that in the arXiv version of [CCLL], which contains
Cartan matrices of all hyperbolic Lie algebras (classified by Li Wang Lai; for history, and
rediscovery of Li Wang Lai’s result in relation with cosmological billiards, see [CCLL]). The
published version of [CCLL] has only new results: the Cartan matrices of almost affine Lie
superalgebras, whereas the arXiv version reproduces Li Wang Lai’s result.
Below, the symbol !!! marks the cases where the inverse of the Cartan matrix has no zero
elements, cf. [ZH].
6.1. Cartan matrices A, their inverses, and detA for almost affine Lie superalge-
bras
!!! NS32
(
2 −1 −1
−1 1 −1
−3 −1 2
)
1
7
(
−1 −3 −2
−5 −1 −3
−4 −5 −1
)
-7
NS33
(
2 −1 −1
−1 1 −1
−4 −1 2
)
1
9
(
−1 −3 −2
−6 0 −3
−5 −6 −1
)
-9
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S34
(
2 −1 −2
−1 1 −1
−2 −1 2
)
1
8
(
−1 −4 −3
−4 0 −4
−3 −4 −1
)
-8
!!! S35
(
2 −1 −1
−1 1 −1
−1 −1 2
)
1
3
(
−1 −3 −2
−3 −3 −3
−2 −3 −1
)
-3
S36
(
2 −1 −1
−2 1 −1
−2 −1 2
)
1
8
(
−1 −3 −2
−6 −2 −4
−4 −4 0
)
-8
NS37
(
2 −1 −1
−2 1 −1
−3 −1 2
)
1
10
(
−1 −3 −2
−7 −1 −4
−5 −5 0
)
-10
NS38
(
2 −1 −1
−2 1 −1
−4 −1 2
)
1
12
(
−1 −3 −2
−8 0 −4
−6 −6 0
)
-12
NS39
(
2 −1 −2
−2 1 −1
−2 −1 2
)
1
12
(
−1 −4 −3
−6 0 −6
−4 −4 0
)
-12
NS310
(
2 −1 −1
−2 1 −1
−1 −1 2
)
1
6
(
−1 −3 −2
−5 −3 −4
−3 −3 0
)
-6
NS311
(
2 −1 −2
−2 1 −1
−1 −1 2
)
1
9
(
−1 −4 −3
−5 −2 −6
−3 −3 0
)
-9
NS312
(
2 −1 −3
−2 1 −1
−1 −1 2
)
1
12
(
−1 −5 −4
−5 −1 −8
−3 −3 0
)
-12
NS313
(
2 −1 −4
−2 1 −1
−1 −1 2
)
1
15
(
−1 −6 −5
−5 0 −10
−3 −3 0
)
-15
NS314
(
2 −2 −1
−1 1 −1
−2 −1 2
)
1
9
(
−1 −5 −3
−4 −2 −3
−3 −6 0
)
-9
NS315
(
2 −2 −1
−1 1 −1
−3 −1 2
)
1
12
(
−1 −5 −3
−5 −1 −3
−4 −8 0
)
-12
NS316
(
2 −2 −1
−1 1 −1
−4 −1 2
)
1
15
(
−1 −5 −3
−6 0 −3
−5 −10 0
)
-15
NS317
(
2 −2 −2
−1 1 −1
−2 −1 2
)
1
12
(
−1 −6 −4
−4 0 −4
−3 −6 0
)
-12
NS318
(
2 −2 −1
−1 1 −1
−1 −1 2
)
1
6
(
−1 −5 −3
−3 −3 −3
−2 −4 0
)
-6
S319
(
2 −2 −2
−1 1 −1
−1 −1 2
)
1
8
(
−1 −6 −4
−3 −2 −4
−2 −4 0
)
-8
NS320
(
2 −2 −3
−1 1 −1
−1 −1 2
)
1
10
(
−1 −7 −5
−3 −1 −5
−2 −4 0
)
-10
NS321
(
2 −2 −4
−1 1 −1
−1 −1 2
)
1
12
(
−1 −8 −6
−3 0 −6
−2 −4 0
)
-12
NS322
(
2 −1 −1
−2 1 −2
−2 −1 2
)
1
12
(
0 −3 −3
−8 −2 −6
−4 −4 0
)
-12
NS323
(
2 −1 −1
−2 1 −2
−3 −1 2
)
1
15
(
0 −3 −3
−10 −1 −6
−5 −5 0
)
-15
NS324
(
2 −1 −1
−2 1 −2
−4 −1 2
)
1
6
(
0 −1 −1
−4 0 −2
−2 −2 0
)
-18
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S325
(
2 −1 −2
−2 1 −2
−2 −1 2
)
1
4
(
0 −1 −1
−2 0 −2
−1 −1 0
)
-16
S326
(
2 −1 −1
−2 1 −2
−1 −1 2
)
1
3
(
0 −1 −1
−2 −1 −2
−1 −1 0
)
-9
NS327
(
2 −2 −1
−1 1 −2
−2 −1 2
)
1
15
(
0 −5 −5
−6 −2 −5
−3 −6 0
)
-15
NS328
(
2 −2 −1
−1 1 −2
−3 −1 2
)
1
20
(
0 −5 −5
−8 −1 −5
−4 −8 0
)
-20
NS329
(
2 −2 −1
−1 1 −2
−4 −1 2
)
1
5
(
0 −1 −1
−2 0 −1
−1 −2 0
)
-25
NS330
(
2 −2 −2
−1 1 −2
−2 −1 2
)
1
6
(
0 −2 −2
−2 0 −2
−1 −2 0
)
-18
NS331
(
2 −2 −1
−1 1 −2
−1 −1 2
)
1
10
(
0 −5 −5
−4 −3 −5
−2 −4 0
)
-10
NS332
(
2 −2 −2
−1 1 −2
−1 −1 2
)
1
6
(
0 −3 −3
−2 −1 −3
−1 −2 0
)
-12
NS333
(
2 −2 −3
−1 1 −2
−1 −1 2
)
1
14
(
0 −7 −7
−4 −1 −7
−2 −4 0
)
-14
S334
(
2 −2 −4
−1 1 −2
−1 −1 2
)
1
8
(
0 −4 −4
−2 0 −4
−1 −2 0
)
-16
S335
(
2 −2 −1
−1 1 −1
−2 −2 2
)
1
12
(
0 −6 −3
−4 −2 −3
−4 −8 0
)
-12
NS336
(
2 −2 −1
−1 1 −1
−3 −2 2
)
1
15
(
0 −6 −3
−5 −1 −3
−5 −10 0
)
-15
NS337
(
2 −2 −1
−1 1 −1
−4 −2 2
)
1
6
(
0 −2 −1
−2 0 −1
−2 −4 0
)
-18
S338
(
2 −2 −2
−1 1 −1
−2 −2 2
)
1
4
(
0 −2 −1
−1 0 −1
−1 −2 0
)
-16
S339
(
2 −2 −1
−1 1 −1
−1 −2 2
)
1
3
(
0 −2 −1
−1 −1 −1
−1 −2 0
)
-9
S340
(
2 −1 −1
−1 1 −1
−1 −1 1
)
1
4
(
0 −2 −2
−2 −1 −3
−2 −3 −1
)
-4
NS341
(
2 −1 −1
−2 1 −1
−1 −1 1
)
1
6
(
0 −2 −2
−3 −1 −4
−3 −3 0
)
-6
NS342
(
2 −2 −1
−1 1 −1
−1 −1 1
)
1
6
(
0 −3 −3
−2 −1 −3
−2 −4 0
)
-6
S343
(
2 −1 −1
−2 1 −1
−2 −1 1
)
1
4
(
0 −1 −1
−2 0 −2
−2 −2 0
)
-8
NS344
(
2 −2 −1
−1 1 −1
−2 −1 1
)
1
3
(
0 −1 −1
−1 0 −1
−1 −2 0
)
-9
S345
(
2 −2 −2
−1 1 −1
−1 −1 1
)
1
4
(
0 −2 −2
−1 0 −2
−1 −2 0
)
-8
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S346
(
1 −1 −1
−1 1 −1
−1 −1 1
)
1
2
(
0 −1 −1
−1 0 −1
−1 −1 0
)
-4
S347
(
2 −1 0
−2 1 −1
0 −1 2
)
1
2
(
−1 −2 −1
−4 −4 −2
−2 −2 0
)
-2
S348
(
2 −2 0
−1 1 −1
0 −1 2
)
1
2
(
−1 −4 −2
−2 −4 −2
−1 −2 0
)
-2
S349
(
2 −1 0
−2 1 −2
0 −1 2
)
1
2
(
0 −1 −1
−2 −2 −2
−1 −1 0
)
-4
S350
(
2 −2 0
−1 1 −2
0 −1 2
)
1
4
(
0 −4 −4
−2 −4 −4
−1 −2 0
)
-4
S351
(
2 −2 0
−1 1 −1
0 −2 2
)
1
2
(
0 −2 −1
−1 −2 −1
−1 −2 0
)
-4
!!! S352
(
2 −1 0
−3 2 −1
0 −1 1
) (
−1 −1 −1
−3 −2 −2
−3 −2 −1
)
-1
S353
(
2 −1 0
−4 2 −1
0 −1 1
)
1
2
(
−1 −1 −1
−4 −2 −2
−4 −2 0
)
-2
S354
(
2 −2 0
−2 2 −1
0 −1 1
)
1
2
(
−1 −2 −2
−2 −2 −2
−2 −2 0
)
-2
!!! S355
(
2 −3 0
−1 2 −1
0 −1 1
) (
−1 −3 −3
−1 −2 −2
−1 −2 −1
)
-1
S356
(
2 −4 0
−1 2 −1
0 −1 1
)
1
2
(
−1 −4 −4
−1 −2 −2
−1 −2 0
)
-2
S357
(
2 −1 0
−2 2 −1
0 −2 1
)
1
2
(
0 −1 −1
−2 −2 −2
−4 −4 −2
)
-2
S358
(
2 −1 0
−3 2 −1
0 −2 1
)
1
3
(
0 −1 −1
−3 −2 −2
−6 −4 −1
)
-3
S359
(
2 −1 0
−4 2 −1
0 −2 1
)
1
4
(
0 −1 −1
−4 −2 −2
−8 −4 0
)
-4
S360
(
2 −2 0
−2 2 −1
0 −2 1
)
1
2
(
0 −1 −1
−1 −1 −1
−2 −2 0
)
-4
S361
(
2 −1 0
−1 2 −1
0 −2 1
) (
0 −1 −1
−1 −2 −2
−2 −4 −3
)
-1
S362
(
2 −2 0
−1 2 −1
0 −2 1
)
1
2
(
0 −2 −2
−1 −2 −2
−2 −4 −2
)
-2
S363
(
2 −3 0
−1 2 −1
0 −2 1
)
1
3
(
0 −3 −3
−1 −2 −2
−2 −4 −1
)
-3
S364
(
2 −4 0
−1 2 −1
0 −2 1
)
1
4
(
0 −4 −4
−1 −2 −2
−2 −4 0
)
-4
S365
(
2 −1 0
−2 2 −2
0 −1 1
)
1
2
(
0 −1 −2
−2 −2 −4
−2 −2 −2
)
-2
S366
(
2 −1 0
−3 2 −2
0 −1 1
)
1
3
(
0 −1 −2
−3 −2 −4
−3 −2 −1
)
-3
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S367
(
2 −1 0
−4 2 −2
0 −1 1
)
1
4
(
0 −1 −2
−4 −2 −4
−4 −2 0
)
-4
S368
(
2 −2 0
−2 2 −2
0 −1 1
)
1
2
(
0 −1 −2
−1 −1 −2
−1 −1 0
)
-4
S369
(
2 −1 0
−1 2 −2
0 −1 1
) (
0 −1 −2
−1 −2 −4
−1 −2 −3
)
-1
S370
(
2 −2 0
−1 2 −2
0 −1 1
)
1
2
(
0 −2 −4
−1 −2 −4
−1 −2 −2
)
-2
S371
(
2 −3 0
−1 2 −2
0 −1 1
)
1
3
(
0 −3 −6
−1 −2 −4
−1 −2 −1
)
-3
S372
(
2 −4 0
−1 2 −2
0 −1 1
)
1
4
(
0 −4 −8
−1 −2 −4
−1 −2 0
)
-4
S373
(
1 −2 0
−1 2 −1
0 −1 1
) (
−1 −2 −2
−1 −1 −1
−1 −1 0
)
-1
S374
(
1 −1 0
−2 2 −1
0 −1 1
) (
−1 −1 −1
−2 −1 −1
−2 −1 0
)
-1
S375
(
1 −2 0
−1 2 −1
0 −2 1
)
1
2
(
0 −2 −2
−1 −1 −1
−2 −2 0
)
-2
S376
(
1 −1 0
−2 2 −1
0 −2 1
)
1
2
(
0 −1 −1
−2 −1 −1
−4 −2 0
)
-2
S377
(
1 −1 0
−2 2 −2
0 −1 1
)
1
2
(
0 −1 −2
−2 −1 −2
−2 −1 0
)
-2
S378
(
2 −1 0
−1 1 −1
0 −1 1
) (
0 −1 −1
−1 −2 −2
−1 −2 −1
)
-1
S379
(
2 −1 0
−2 1 −1
0 −1 1
)
1
2
(
0 −1 −1
−2 −2 −2
−2 −2 0
)
-2
S380
(
2 −2 0
−1 1 −1
0 −1 1
)
1
2
(
0 −2 −2
−1 −2 −2
−1 −2 0
)
-2
S381
(
1 −1 0
−1 1 −1
0 −1 1
) (
0 −1 −1
−1 −1 −1
−1 −1 0
)
-1
S41
(
2 −1 0 0
−1 1 −1 0
0 −1 2 −1
0 0 −1 2
) (
−1 −3 −2 −1
−3 −6 −4 −2
−2 −4 −2 −1
−1 −2 −1 0
)
-1
S42
(
2 −1 0 0
−1 1 −1 0
0 −1 2 −2
0 0 −1 2
)
1
2
(
0 −2 −2 −2
−2 −4 −4 −4
−2 −4 −2 −2
−1 −2 −1 0
)
-2
S43
(
2 −1 0 0
−1 1 −1 0
0 −1 2 −1
0 0 −2 2
)
1
2
(
0 −2 −2 −1
−2 −4 −4 −2
−2 −4 −2 −1
−2 −4 −2 0
)
-2
S44
(
2 −1 0 0
−3 2 −1 0
0 −1 2 −1
0 0 −1 1
) (
−1 −1 −1 −1
−3 −2 −2 −2
−3 −2 −1 −1
−3 −2 −1 0
)
-1
S45
(
2 −3 0 0
−1 2 −1 0
0 −1 2 −1
0 0 −1 1
) (
−1 −3 −3 −3
−1 −2 −2 −2
−1 −2 −1 −1
−1 −2 −1 0
)
-1
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S46
(
2 −1 0 0
−2 2 −1 0
0 −2 2 −1
0 0 −1 1
)
1
2
(
0 −1 −1 −1
−2 −2 −2 −2
−4 −4 −2 −2
−4 −4 −2 0
)
-2
S47
(
2 −1 0 0
−1 2 −1 0
0 −2 2 −1
0 0 −1 1
) (
0 −1 −1 −1
−1 −2 −2 −2
−2 −4 −3 −3
−2 −4 −3 −2
)
-1
S48
(
2 −2 0 0
−1 2 −1 0
0 −2 2 −1
0 0 −1 1
)
1
2
(
0 −2 −2 −2
−1 −2 −2 −2
−2 −4 −2 −2
−2 −4 −2 0
)
-2
S49
(
2 −1 0 0
−2 2 −2 0
0 −1 2 −1
0 0 −1 1
)
1
2
(
0 −1 −2 −2
−2 −2 −4 −4
−2 −2 −2 −2
−2 −2 −2 0
)
-2
S410
(
2 −1 0 0
−1 2 −2 0
0 −1 2 −1
0 0 −1 1
) (
0 −1 −2 −2
−1 −2 −4 −4
−1 −2 −3 −3
−1 −2 −3 −2
)
-1
S411
(
2 −2 0 0
−1 2 −2 0
0 −1 2 −1
0 0 −1 1
)
1
2
(
0 −2 −4 −4
−1 −2 −4 −4
−1 −2 −2 −2
−1 −2 −2 0
)
-2
S412
(
1 −1 0 0
−1 2 −1 0
0 −2 2 −1
0 0 −1 1
) (
0 −1 −1 −1
−1 −1 −1 −1
−2 −2 −1 −1
−2 −2 −1 0
)
-1
S413
(
2 −1 0 0
−1 1 −1 0
0 −1 2 −1
0 0 −1 1
) (
0 −1 −1 −1
−1 −2 −2 −2
−1 −2 −1 −1
−1 −2 −1 0
)
-1
S414
(
2 −1 0 −1
−1 1 −1 0
0 −1 2 −1
−1 0 −1 2
)
1
4
(
−1 −4 −3 −2
−4 −4 −4 −4
−3 −4 −1 −2
−2 −4 −2 0
)
-4
NS415
(
2 −1 0 −2
−1 1 −1 0
0 −1 2 −1
−1 0 −1 2
)
1
6
(
−1 −5 −4 −3
−4 −2 −4 −6
−3 −3 0 −3
−2 −4 −2 0
)
-6
NS416
(
2 −1 0 −1
−1 1 −1 0
0 −1 2 −1
−2 0 −1 2
)
1
6
(
−1 −4 −3 −2
−5 −2 −3 −4
−4 −4 0 −2
−3 −6 −3 0
)
-6
S417
(
2 −1 0 −2
−1 1 −1 0
0 −1 2 −2
−1 0 −1 2
)
1
4
(
0 −2 −2 −2
−2 0 −2 −4
−2 −2 0 −2
−1 −2 −1 0
)
-8
NS418
(
2 −1 0 −1
−1 1 −1 0
0 −1 2 −2
−2 0 −1 2
)
1
3
(
0 −1 −1 −1
−2 0 −1 −2
−2 −2 0 −1
−1 −2 −1 0
)
-9
S419
(
2 −1 0 −1
−1 1 −1 0
0 −1 2 −1
−2 0 −2 2
)
1
4
(
0 −2 −2 −1
−2 0 −2 −2
−2 −2 0 −1
−2 −4 −2 0
)
-8
S420
(
2 −1 0 −1
−1 1 −1 0
0 −1 2 −1
−1 0 −1 1
)
1
2
(
0 −1 −1 −1
−1 0 −1 −2
−1 −1 0 −1
−1 −2 −1 0
)
-4
S421
(
2 −1 0 0
−1 1 −1 −1
0 −1 2 0
0 −1 0 2
)
1
2
(
0 −2 −1 −1
−2 −4 −2 −2
−1 −2 0 −1
−1 −2 −1 0
)
-4
S422
(
2 −1 0 0
−2 2 −1 −1
0 −1 1 0
0 −1 0 2
)
1
2
(
−1 −2 −2 −1
−4 −4 −4 −2
−4 −4 −2 −2
−2 −2 −2 0
)
-2
S423
(
2 −2 0 0
−1 2 −1 −1
0 −1 1 0
0 −1 0 2
)
1
2
(
−1 −4 −4 −2
−2 −4 −4 −2
−2 −4 −2 −2
−1 −2 −2 0
)
-2
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S424
(
2 −1 0 0
−2 2 −1 −2
0 −1 1 0
0 −1 0 2
)
1
2
(
0 −1 −1 −1
−2 −2 −2 −2
−2 −2 0 −2
−1 −1 −1 0
)
-4
S425
(
2 −2 0 0
−1 2 −1 −2
0 −1 1 0
0 −1 0 2
)
1
4
(
0 −4 −4 −4
−2 −4 −4 −4
−2 −4 0 −4
−1 −2 −2 0
)
-4
S426
(
2 −2 0 0
−1 2 −1 −1
0 −1 1 0
0 −2 0 2
)
1
2
(
0 −2 −2 −1
−1 −2 −2 −1
−1 −2 0 −1
−1 −2 −2 0
)
-4
S427
(
2 −1 0 0
−1 2 −1 −1
0 −1 1 0
0 −1 0 1
) (
0 −1 −1 −1
−1 −2 −2 −2
−1 −2 −1 −2
−1 −2 −2 −1
)
-1
S428
(
2 −1 0 0
−2 2 −1 −1
0 −1 1 0
0 −1 0 1
)
1
2
(
0 −1 −1 −1
−2 −2 −2 −2
−2 −2 0 −2
−2 −2 −2 0
)
-2
S429
(
2 −2 0 0
−1 2 −1 −1
0 −1 1 0
0 −1 0 1
)
1
2
(
0 −2 −2 −2
−1 −2 −2 −2
−1 −2 0 −2
−1 −2 −2 0
)
-2
S430
(
1 −1 0 0
−1 2 −1 −1
0 −1 1 0
0 −1 0 1
) (
0 −1 −1 −1
−1 −1 −1 −1
−1 −1 0 −1
−1 −1 −1 0
)
-1
S431
(
1 −1 0 0
−1 2 −1 −1
0 −1 2 −1
0 −1 −1 2
)
1
3
(
0 −3 −3 −3
−3 −3 −3 −3
−3 −3 −1 −2
−3 −3 −2 −1
)
-3
S51

 2 −1 0 0 0−1 2 −1 0 00 −2 2 −1 0
0 0 −1 2 −1
0 0 0 −1 1



 0 −1 −1 −1 −1−1 −2 −2 −2 −2−2 −4 −3 −3 −3
−2 −4 −3 −2 −2
−2 −4 −3 −2 −1

 -1
S52

 2 −1 0 0 0−1 2 −2 0 00 −1 2 −1 0
0 0 −1 2 −1
0 0 0 −1 1



 0 −1 −2 −2 −2−1 −2 −4 −4 −4−1 −2 −3 −3 −3
−1 −2 −3 −2 −2
−1 −2 −3 −2 −1

 -1
S53

 2 −1 0 0 0−1 2 −1 −1 −10 −1 1 0 0
0 −1 0 2 0
0 −1 0 0 2

 1
2

 0 −2 −2 −1 −1−2 −4 −4 −2 −2−2 −4 −2 −2 −2
−1 −2 −2 0 −1
−1 −2 −2 −1 0

 -4
S54

 2 −1 0 0 0−2 2 −1 −1 00 −1 2 0 0
0 −1 0 2 −1
0 0 0 −1 1

 1
2

−1 −2 −1 −2 −2−4 −4 −2 −4 −4−2 −2 0 −2 −2
−4 −4 −2 −2 −2
−4 −4 −2 −2 0

 -2
S55

 2 −2 0 0 0−1 2 −1 −1 00 −1 2 0 0
0 −1 0 2 −1
0 0 0 −1 1

 1
2

−1 −4 −2 −4 −4−2 −4 −2 −4 −4−1 −2 0 −2 −2
−2 −4 −2 −2 −2
−2 −4 −2 −2 0

 -2
S56

 2 −1 0 0 0−1 2 −1 −1 00 −1 1 0 0
0 −1 0 2 −1
0 0 0 −1 2



−1 −3 −3 −2 −1−3 −6 −6 −4 −2−3 −6 −5 −4 −2
−2 −4 −4 −2 −1
−1 −2 −2 −1 0

 -1
S57

 2 −1 0 0 0−1 2 −1 −1 00 −1 1 0 0
0 −1 0 2 −2
0 0 0 −1 2

 1
2

 0 −2 −2 −2 −2−2 −4 −4 −4 −4−2 −4 −2 −4 −4
−2 −4 −4 −2 −2
−1 −2 −2 −1 0

 -2
S58

 2 −1 0 0 0−1 2 −1 −1 00 −1 1 0 0
0 −1 0 2 −1
0 0 0 −2 2

 1
2

 0 −2 −2 −2 −1−2 −4 −4 −4 −2−2 −4 −2 −4 −2
−2 −4 −4 −2 −1
−2 −4 −4 −2 0

 -2
S59

 2 −1 0 0 0−1 2 −1 −1 00 −1 1 0 0
0 −1 0 2 −1
0 0 0 −1 1



 0 −1 −1 −1 −1−1 −2 −2 −2 −2−1 −2 −1 −2 −2
−1 −2 −2 −1 −1
−1 −2 −2 −1 0

 -1
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S510

 1 −1 0 0 0−1 2 −1 0 −10 −1 2 −1 0
0 0 −1 2 −1
0 −1 0 −1 2

 1
4

 0 −4 −4 −4 −4−4 −4 −4 −4 −4−4 −4 −1 −2 −3
−4 −4 −2 0 −2
−4 −4 −3 −2 −1

 -4
S61


2 −1 0 0 0 0
−1 2 −1 −1 −1 0
0 −1 2 0 0 0
0 −1 0 2 0 0
0 −1 0 0 2 −1
0 0 0 0 −1 1

 12


0 −2 −1 −1 −2 −2
−2 −4 −2 −2 −4 −4
−1 −2 0 −1 −2 −2
−1 −2 −1 0 −2 −2
−2 −4 −2 −2 −2 −2
−2 −4 −2 −2 −2 0

 -4
S62


2 −1 0 0 0 0
−1 2 −1 0 0 0
0 −1 2 −1 −1 0
0 0 −1 2 0 0
0 0 −1 0 2 −1
0 0 0 0 −1 1




0 −1 −2 −1 −2 −2
−1 −2 −4 −2 −4 −4
−2 −4 −6 −3 −6 −6
−1 −2 −3 −1 −3 −3
−2 −4 −6 −3 −5 −5
−2 −4 −6 −3 −5 −4

 -1
S63


2 −1 0 0 0 0
−2 2 −1 0 0 0
0 −1 2 −1 −1 0
0 0 −1 2 0 0
0 0 −1 0 2 −1
0 0 0 0 −1 1

 12


0 −1 −2 −1 −2 −2
−2 −2 −4 −2 −4 −4
−4 −4 −4 −2 −4 −4
−2 −2 −2 0 −2 −2
−4 −4 −4 −2 −2 −2
−4 −4 −4 −2 −2 0

 -2
S64


2 −2 0 0 0 0
−1 2 −1 0 0 0
0 −1 2 −1 −1 0
0 0 −1 2 0 0
0 0 −1 0 2 −1
0 0 0 0 −1 1

 12


0 −2 −4 −2 −4 −4
−1 −2 −4 −2 −4 −4
−2 −4 −4 −2 −4 −4
−1 −2 −2 0 −2 −2
−2 −4 −4 −2 −2 −2
−2 −4 −4 −2 −2 0

 -2
S65


1 −1 0 0 0 0
−1 2 −1 0 0 0
0 −1 2 −1 −1 0
0 0 −1 2 0 0
0 0 −1 0 2 −1
0 0 0 0 −1 1




0 −1 −2 −1 −2 −2
−1 −1 −2 −1 −2 −2
−2 −2 −2 −1 −2 −2
−1 −1 −1 0 −1 −1
−2 −2 −2 −1 −1 −1
−2 −2 −2 −1 −1 0

 -1
S66


2 −1 0 0 0 0
−1 2 −1 0 0 0
0 −2 2 −1 0 0
0 0 −1 2 −1 0
0 0 0 −1 2 −1
0 0 0 0 −1 1




0 −1 −1 −1 −1 −1
−1 −2 −2 −2 −2 −2
−2 −4 −3 −3 −3 −3
−2 −4 −3 −2 −2 −2
−2 −4 −3 −2 −1 −1
−2 −4 −3 −2 −1 0

 -1
S67


2 −1 0 0 0 0
−1 2 −2 0 0 0
0 −1 2 −1 0 0
0 0 −1 2 −1 0
0 0 0 −1 2 −1
0 0 0 0 −1 1




0 −1 −2 −2 −2 −2
−1 −2 −4 −4 −4 −4
−1 −2 −3 −3 −3 −3
−1 −2 −3 −2 −2 −2
−1 −2 −3 −2 −1 −1
−1 −2 −3 −2 −1 0

 -1
S71


2 −1 0 0 0 0 0
−1 2 −1 0 0 0 0
0 −1 2 −1 −1 0 0
0 0 −1 2 0 0 0
0 0 −1 0 2 −1 0
0 0 0 0 −1 2 −1
0 0 0 0 0 −1 1




0 −1 −2 −1 −2 −2 −2
−1 −2 −4 −2 −4 −4 −4
−2 −4 −6 −3 −6 −6 −6
−1 −2 −3 −1 −3 −3 −3
−2 −4 −6 −3 −5 −5 −5
−2 −4 −6 −3 −5 −4 −4
−2 −4 −6 −3 −5 −4 −3

 -1
S81


2 −1 0 0 0 0 0 0
−1 2 −1 0 0 0 0 0
0 −1 2 −1 −1 0 0 0
0 0 −1 2 0 0 0 0
0 0 −1 0 2 −1 0 0
0 0 0 0 −1 2 −1 0
0 0 0 0 0 −1 2 −1
0 0 0 0 0 0 −1 1




0 −1 −2 −1 −2 −2 −2 −2
−1 −2 −4 −2 −4 −4 −4 −4
−2 −4 −6 −3 −6 −6 −6 −6
−1 −2 −3 −1 −3 −3 −3 −3
−2 −4 −6 −3 −5 −5 −5 −5
−2 −4 −6 −3 −5 −4 −4 −4
−2 −4 −6 −3 −5 −4 −3 −3
−2 −4 −6 −3 −5 −4 −3 −2

 -1
S91


2 −1 0 0 0 0 0 0 0
−1 2 −1 0 0 0 0 0 0
0 −1 2 −1 −1 0 0 0 0
0 0 −1 2 0 0 0 0 0
0 0 −1 0 2 −1 0 0 0
0 0 0 0 −1 2 −1 0 0
0 0 0 0 0 −1 2 −1 0
0 0 0 0 0 0 −1 2 −1
0 0 0 0 0 0 0 −1 1




0 −1 −2 −1 −2 −2 −2 −2 −2
−1 −2 −4 −2 −4 −4 −4 −4 −4
−2 −4 −6 −3 −6 −6 −6 −6 −6
−1 −2 −3 −1 −3 −3 −3 −3 −3
−2 −4 −6 −3 −5 −5 −5 −5 −5
−2 −4 −6 −3 −5 −4 −4 −4 −4
−2 −4 −6 −3 −5 −4 −3 −3 −3
−2 −4 −6 −3 −5 −4 −3 −2 −2
−2 −4 −6 −3 −5 −4 −3 −2 −1

 -1
S101


2 −1 0 0 0 0 0 0 0 0
−1 2 −1 0 0 0 0 0 0 0
0 −1 2 −1 −1 0 0 0 0 0
0 0 −1 2 0 0 0 0 0 0
0 0 −1 0 2 −1 0 0 0 0
0 0 0 0 −1 2 −1 0 0 0
0 0 0 0 0 −1 2 −1 0 0
0 0 0 0 0 0 −1 2 −1 0
0 0 0 0 0 0 0 −1 2 −1
0 0 0 0 0 0 0 0 −1 1




0 −1 −2 −1 −2 −2 −2 −2 −2 −2
−1 −2 −4 −2 −4 −4 −4 −4 −4 −4
−2 −4 −6 −3 −6 −6 −6 −6 −6 −6
−1 −2 −3 −1 −3 −3 −3 −3 −3 −3
−2 −4 −6 −3 −5 −5 −5 −5 −5 −5
−2 −4 −6 −3 −5 −4 −4 −4 −4 −4
−2 −4 −6 −3 −5 −4 −3 −3 −3 −3
−2 −4 −6 −3 −5 −4 −3 −2 −2 −2
−2 −4 −6 −3 −5 −4 −3 −2 −1 −1
−2 −4 −6 −3 −5 −4 −3 −2 −1 0


-1
6.2. Cartan matrices A, their inverses, and detA for hyperbolic Lie algebras
!!! NH31
(
2 −1 −1
−2 2 −1
−2 −2 2
)
1
10
(
−2 −4 −3
−6 −2 −4
−8 −6 −2
)
-10
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!!! NH32
(
2 −1 −1
−3 2 −1
−2 −2 2
)
1
14
(
−2 −4 −3
−8 −2 −5
−10 −6 −1
)
-14
NH33
(
2 −1 −1
−4 2 −1
−2 −2 2
)
1
18
(
−2 −4 −3
−10 −2 −6
−12 −6 0
)
-18
H34
(
2 −2 −1
−2 2 −1
−2 −2 2
)
1
8
(
−1 −3 −2
−3 −1 −2
−4 −4 0
)
-16
!!! H35
(
2 −1 −1
−1 2 −1
−2 −2 2
)
1
6
(
−2 −4 −3
−4 −2 −3
−6 −6 −3
)
-6
!!! NH36
(
2 −1 −1
−2 2 −1
−3 −2 2
)
1
13
(
−2 −4 −3
−7 −1 −4
−10 −7 −2
)
-13
!!! NH37
(
2 −1 −1
−3 2 −1
−3 −2 2
)
1
17
(
−2 −4 −3
−9 −1 −5
−12 −7 −1
)
-17
NH38
(
2 −1 −1
−4 2 −1
−3 −2 2
)
1
21
(
−2 −4 −3
−11 −1 −6
−14 −7 0
)
-21
NH39
(
2 −2 −1
−2 2 −1
−3 −2 2
)
1
20
(
−2 −6 −4
−7 −1 −4
−10 −10 0
)
-20
!!! NH310
(
2 −1 −1
−1 2 −1
−3 −2 2
)
1
9
(
−2 −4 −3
−5 −1 −3
−8 −7 −3
)
-9
!!! NH311
(
2 −2 −1
−1 2 −1
−3 −2 2
)
1
14
(
−2 −6 −4
−5 −1 −3
−8 −10 −2
)
-14
!!! NH312
(
2 −3 −1
−1 2 −1
−3 −2 2
)
1
19
(
−2 −8 −5
−5 −1 −3
−8 −13 −1
)
-19
NH313
(
2 −4 −1
−1 2 −1
−3 −2 2
)
1
24
(
−2 −10 −6
−5 −1 −3
−8 −16 0
)
-24
H314
(
2 −1 −1
−2 2 −1
−4 −2 2
)
1
16
(
−2 −4 −3
−8 0 −4
−12 −8 −2
)
-16
NH315
(
2 −1 −1
−3 2 −1
−4 −2 2
)
1
20
(
−2 −4 −3
−10 0 −5
−14 −8 −1
)
-20
NH316
(
2 −1 −1
−4 2 −1
−4 −2 2
)
1
24
(
−2 −4 −3
−12 0 −6
−16 −8 0
)
-24
NH317
(
2 −2 −1
−2 2 −1
−4 −2 2
)
1
12
(
−1 −3 −2
−4 0 −2
−6 −6 0
)
-24
NH318
(
2 −1 −1
−1 2 −1
−4 −2 2
)
1
12
(
−2 −4 −3
−6 0 −3
−10 −8 −3
)
-12
NH319
(
2 −2 −1
−1 2 −1
−4 −2 2
)
1
18
(
−2 −6 −4
−6 0 −3
−10 −12 −2
)
-18
NH320
(
2 −3 −1
−1 2 −1
−4 −2 2
)
1
24
(
−2 −8 −5
−6 0 −3
−10 −16 −1
)
-24
NH321
(
2 −4 −1
−1 2 −1
−4 −2 2
)
1
30
(
−2 −10 −6
−6 0 −3
−10 −20 0
)
-30
NH322
(
2 −1 −2
−2 2 −1
−2 −2 2
)
1
18
(
−2 −6 −5
−6 0 −6
−8 −6 −2
)
-18
Inverses of Cartan matrices 31
NH323
(
2 −1 −2
−3 2 −1
−2 −2 2
)
1
24
(
−2 −6 −5
−8 0 −8
−10 −6 −1
)
-24
NH324
(
2 −1 −2
−4 2 −1
−2 −2 2
)
1
30
(
−2 −6 −5
−10 0 −10
−12 −6 0
)
-30
NH325
(
2 −2 −2
−2 2 −1
−2 −2 2
)
1
12
(
−1 −4 −3
−3 0 −3
−4 −4 0
)
-24
NH326
(
2 −1 −2
−1 2 −1
−2 −2 2
)
1
12
(
−2 −6 −5
−4 0 −4
−6 −6 −3
)
-12
H327
(
2 −2 −2
−1 2 −1
−2 −2 2
)
1
8
(
−1 −4 −3
−2 0 −2
−3 −4 −1
)
-16
NH328
(
2 −3 −2
−1 2 −1
−2 −2 2
)
1
20
(
−2 −10 −7
−4 0 −4
−6 −10 −1
)
-20
NH329
(
2 −4 −2
−1 2 −1
−2 −2 2
)
1
12
(
−1 −6 −4
−2 0 −2
−3 −6 0
)
-24
!!! NH330
(
2 −1 −1
−2 2 −1
−1 −2 2
)
1
7
(
−2 −4 −3
−5 −3 −4
−6 −5 −2
)
-7
!!! NH331
(
2 −1 −1
−3 2 −1
−1 −2 2
)
1
11
(
−2 −4 −3
−7 −3 −5
−8 −5 −1
)
-11
NH332
(
2 −1 −1
−4 2 −1
−1 −2 2
)
1
15
(
−2 −4 −3
−9 −3 −6
−10 −5 0
)
-15
NH333
(
2 −2 −1
−2 2 −1
−1 −2 2
)
1
12
(
−2 −6 −4
−5 −3 −4
−6 −6 0
)
-12
!!! NH334
(
2 −1 −1
−1 2 −1
−1 −2 2
)
1
3
(
−2 −4 −3
−3 −3 −3
−4 −5 −3
)
-3
!!! H335
(
2 −2 −1
−1 2 −1
−1 −2 2
)
1
6
(
−2 −6 −4
−3 −3 −3
−4 −6 −2
)
-6
!!! NH336
(
2 −3 −1
−1 2 −1
−1 −2 2
)
1
9
(
−2 −8 −5
−3 −3 −3
−4 −7 −1
)
-9
NH337
(
2 −4 −1
−1 2 −1
−1 −2 2
)
1
12
(
−2 −10 −6
−3 −3 −3
−4 −8 0
)
-12
!!! NH338
(
2 −1 −2
−2 2 −1
−1 −2 2
)
1
13
(
−2 −6 −5
−5 −2 −6
−6 −5 −2
)
-13
!!! NH339
(
2 −1 −2
−3 2 −1
−1 −2 2
)
1
19
(
−2 −6 −5
−7 −2 −8
−8 −5 −1
)
-19
NH340
(
2 −1 −2
−4 2 −1
−1 −2 2
)
1
25
(
−2 −6 −5
−9 −2 −10
−10 −5 0
)
-25
!!! NH341
(
2 −1 −3
−3 2 −1
−1 −2 2
)
1
27
(
−2 −8 −7
−7 −1 −11
−8 −5 −1
)
-27
NH342
(
2 −1 −3
−4 2 −1
−1 −2 2
)
1
35
(
−2 −8 −7
−9 −1 −14
−10 −5 0
)
-35
NH343
(
2 −2 −3
−2 2 −1
−1 −2 2
)
1
24
(
−2 −10 −8
−5 −1 −8
−6 −6 0
)
-24
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!!! NH344
(
2 −1 −3
−1 2 −1
−1 −2 2
)
1
11
(
−2 −8 −7
−3 −1 −5
−4 −5 −3
)
-11
!!! NH345
(
2 −3 −3
−1 2 −1
−1 −2 2
)
1
17
(
−2 −12 −9
−3 −1 −5
−4 −7 −1
)
-17
NH346
(
2 −4 −3
−1 2 −1
−1 −2 2
)
1
20
(
−2 −14 −10
−3 −1 −5
−4 −8 0
)
-20
NH347
(
2 −1 −4
−3 2 −1
−1 −2 2
)
1
35
(
−2 −10 −9
−7 0 −14
−8 −5 −1
)
-35
NH348
(
2 −1 −4
−4 2 −1
−1 −2 2
)
1
45
(
−2 −10 −9
−9 0 −18
−10 −5 0
)
-45
NH349
(
2 −2 −4
−2 2 −1
−1 −2 2
)
1
30
(
−2 −12 −10
−5 0 −10
−6 −6 0
)
-30
NH350
(
2 −1 −4
−1 2 −1
−1 −2 2
)
1
15
(
−2 −10 −9
−3 0 −6
−4 −5 −3
)
-15
NH351
(
2 −3 −4
−1 2 −1
−1 −2 2
)
1
21
(
−2 −14 −11
−3 0 −6
−4 −7 −1
)
-21
NH352
(
2 −4 −4
−1 2 −1
−1 −2 2
)
1
24
(
−2 −16 −12
−3 0 −6
−4 −8 0
)
-24
!!! NH353
(
2 −1 −1
−3 2 −1
−3 −3 2
)
1
22
(
−1 −5 −3
−9 −1 −5
−15 −9 −1
)
-22
NH354
(
2 −1 −1
−4 2 −1
−3 −3 2
)
1
27
(
−1 −5 −3
−11 −1 −6
−18 −9 0
)
-27
H355
(
2 −2 −1
−2 2 −1
−3 −3 2
)
1
24
(
−1 −7 −4
−7 −1 −4
−12 −12 0
)
-24
!!! H356
(
2 −1 −1
−1 2 −1
−3 −3 2
)
1
12
(
−1 −5 −3
−5 −1 −3
−9 −9 −3
)
-12
NH357
(
2 −1 −1
−3 2 −1
−4 −3 2
)
1
25
(
−1 −5 −3
−10 0 −5
−17 −10 −1
)
-25
NH358
(
2 −1 −1
−4 2 −1
−4 −3 2
)
1
30
(
−1 −5 −3
−12 0 −6
−20 −10 0
)
-30
NH359
(
2 −2 −1
−2 2 −1
−4 −3 2
)
1
28
(
−1 −7 −4
−8 0 −4
−14 −14 0
)
-28
NH360
(
2 −1 −1
−1 2 −1
−4 −3 2
)
1
15
(
−1 −5 −3
−6 0 −3
−11 −10 −3
)
-15
NH361
(
2 −3 −1
−1 2 −1
−4 −3 2
)
1
27
(
−1 −9 −5
−6 0 −3
−11 −18 −1
)
-27
NH362
(
2 −4 −1
−1 2 −1
−4 −3 2
)
1
33
(
−1 −11 −6
−6 0 −3
−11 −22 0
)
-33
NH363
(
2 −1 −2
−3 2 −1
−2 −3 2
)
1
32
(
−1 −8 −5
−8 0 −8
−13 −8 −1
)
-32
NH364
(
2 −1 −2
−4 2 −1
−2 −3 2
)
1
40
(
−1 −8 −5
−10 0 −10
−16 −8 0
)
-40
Inverses of Cartan matrices 33
NH365
(
2 −2 −2
−2 2 −1
−2 −3 2
)
1
30
(
−1 −10 −6
−6 0 −6
−10 −10 0
)
-30
NH366
(
2 −1 −2
−1 2 −1
−2 −3 2
)
1
16
(
−1 −8 −5
−4 0 −4
−7 −8 −3
)
-16
H367
(
2 −3 −2
−1 2 −1
−2 −3 2
)
1
24
(
−1 −12 −7
−4 0 −4
−7 −12 −1
)
-24
NH368
(
2 −4 −2
−1 2 −1
−2 −3 2
)
1
28
(
−1 −14 −8
−4 0 −4
−7 −14 0
)
-28
!!! NH369
(
2 −1 −1
−3 2 −1
−1 −3 2
)
1
16
(
−1 −5 −3
−7 −3 −5
−11 −7 −1
)
-16
NH370
(
2 −1 −1
−4 2 −1
−1 −3 2
)
1
21
(
−1 −5 −3
−9 −3 −6
−14 −7 0
)
-21
NH371
(
2 −2 −1
−2 2 −1
−1 −3 2
)
1
16
(
−1 −7 −4
−5 −3 −4
−8 −8 0
)
-16
!!! NH372
(
2 −1 −1
−1 2 −1
−1 −3 2
)
1
6
(
−1 −5 −3
−3 −3 −3
−5 −7 −3
)
-6
!!! H373
(
2 −3 −1
−1 2 −1
−1 −3 2
)
1
12
(
−1 −9 −5
−3 −3 −3
−5 −9 −1
)
-12
NH374
(
2 −4 −1
−1 2 −1
−1 −3 2
)
1
15
(
−1 −11 −6
−3 −3 −3
−5 −10 0
)
-15
!!! NH375
(
2 −1 −3
−3 2 −1
−1 −3 2
)
1
38
(
−1 −11 −7
−7 −1 −11
−11 −7 −1
)
-38
NH376
(
2 −1 −3
−4 2 −1
−1 −3 2
)
1
49
(
−1 −11 −7
−9 −1 −14
−14 −7 0
)
-49
NH377
(
2 −1 −4
−4 2 −1
−1 −3 2
)
1
63
(
−1 −14 −9
−9 0 −18
−14 −7 0
)
-63
NH378
(
2 −2 −4
−2 2 −1
−1 −3 2
)
1
40
(
−1 −16 −10
−5 0 −10
−8 −8 0
)
-40
NH379
(
2 −1 −4
−1 2 −1
−1 −3 2
)
1
21
(
−1 −14 −9
−3 0 −6
−5 −7 −3
)
-21
NH380
(
2 −4 −4
−1 2 −1
−1 −3 2
)
1
30
(
−1 −20 −12
−3 0 −6
−5 −10 0
)
-30
NH381
(
2 −1 −1
−4 2 −1
−4 −4 2
)
1
12
(
0 −2 −1
−4 0 −2
−8 −4 0
)
-36
H382
(
2 −2 −1
−2 2 −1
−4 −4 2
)
1
8
(
0 −2 −1
−2 0 −1
−4 −4 0
)
-32
H383
(
2 −1 −1
−1 2 −1
−4 −4 2
)
1
6
(
0 −2 −1
−2 0 −1
−4 −4 −1
)
-18
NH384
(
2 −1 −2
−4 2 −1
−2 −4 2
)
1
10
(
0 −2 −1
−2 0 −2
−4 −2 0
)
-50
NH385
(
2 −2 −2
−2 2 −1
−2 −4 2
)
1
6
(
0 −2 −1
−1 0 −1
−2 −2 0
)
-36
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NH386
(
2 −1 −2
−1 2 −1
−2 −4 2
)
1
20
(
0 −10 −5
−4 0 −4
−8 −10 −3
)
-20
H387
(
2 −4 −2
−1 2 −1
−2 −4 2
)
1
8
(
0 −4 −2
−1 0 −1
−2 −4 0
)
-32
NH388
(
2 −1 −1
−4 2 −1
−1 −4 2
)
1
9
(
0 −2 −1
−3 −1 −2
−6 −3 0
)
-27
NH389
(
2 −2 −1
−2 2 −1
−1 −4 2
)
1
20
(
0 −8 −4
−5 −3 −4
−10 −10 0
)
-20
NH390
(
2 −1 −1
−1 2 −1
−1 −4 2
)
1
3
(
0 −2 −1
−1 −1 −1
−2 −3 −1
)
-9
H391
(
2 −4 −1
−1 2 −1
−1 −4 2
)
1
6
(
0 −4 −2
−1 −1 −1
−2 −4 0
)
-18
NH392
(
2 −1 −4
−4 2 −1
−1 −4 2
)
1
9
(
0 −2 −1
−1 0 −2
−2 −1 0
)
-81
H393
(
2 −2 −2
−2 2 −2
−2 −2 2
)
1
4
(
0 −1 −1
−1 0 −1
−1 −1 0
)
-32
H394
(
2 −1 −2
−1 2 −2
−2 −2 2
)
1
6
(
0 −2 −2
−2 0 −2
−2 −2 −1
)
-18
H395
(
2 −1 −1
−1 2 −2
−1 −2 2
)
1
8
(
0 −4 −4
−4 −3 −5
−4 −5 −3
)
-8
!!! H396
(
2 −1 0
−3 2 −2
0 −1 2
)
1
2
(
−2 −2 −2
−6 −4 −4
−3 −2 −1
)
-2
H397
(
2 −1 0
−4 2 −2
0 −1 2
)
1
2
(
−1 −1 −1
−4 −2 −2
−2 −1 0
)
-4
H398
(
2 −2 0
−2 2 −2
0 −1 2
)
1
2
(
−1 −2 −2
−2 −2 −2
−1 −1 0
)
-4
!!! H399
(
2 −3 0
−1 2 −2
0 −1 2
)
1
2
(
−2 −6 −6
−2 −4 −4
−1 −2 −1
)
-2
H3100
(
2 −4 0
−1 2 −2
0 −1 2
)
1
4
(
−2 −8 −8
−2 −4 −4
−1 −2 0
)
-4
!!! H3101
(
2 −1 0
−3 2 −3
0 −1 2
)
1
4
(
−1 −2 −3
−6 −4 −6
−3 −2 −1
)
-4
H3102
(
2 −1 0
−4 2 −3
0 −1 2
)
1
6
(
−1 −2 −3
−8 −4 −6
−4 −2 0
)
-6
H3103
(
2 −2 0
−2 2 −3
0 −1 2
)
1
6
(
−1 −4 −6
−4 −4 −6
−2 −2 0
)
-6
!!! H3104
(
2 −2 0
−1 2 −3
0 −1 2
)
1
2
(
−1 −4 −6
−2 −4 −6
−1 −2 −2
)
-2
!!! H3105
(
2 −3 0
−1 2 −3
0 −1 2
)
1
4
(
−1 −6 −9
−2 −4 −6
−1 −2 −1
)
-4
H3106
(
2 −4 0
−1 2 −3
0 −1 2
)
1
6
(
−1 −8 −12
−2 −4 −6
−1 −2 0
)
-6
Inverses of Cartan matrices 35
H3107
(
2 −1 0
−4 2 −4
0 −1 2
)
1
4
(
0 −1 −2
−4 −2 −4
−2 −1 0
)
-8
H3108
(
2 −2 0
−2 2 −4
0 −1 2
)
1
4
(
0 −2 −4
−2 −2 −4
−1 −1 0
)
-8
H3109
(
2 −1 0
−1 2 −4
0 −1 2
)
1
2
(
0 −2 −4
−2 −4 −8
−1 −2 −3
)
-2
H3110
(
2 −2 0
−1 2 −4
0 −1 2
)
1
4
(
0 −4 −8
−2 −4 −8
−1 −2 −2
)
-4
H3111
(
2 −3 0
−1 2 −4
0 −1 2
)
1
6
(
0 −6 −12
−2 −4 −8
−1 −2 −1
)
-6
H3112
(
2 −4 0
−1 2 −4
0 −1 2
)
1
8
(
0 −8 −16
−2 −4 −8
−1 −2 0
)
-8
H3113
(
2 −2 0
−2 2 −2
0 −2 2
)
1
2
(
0 −1 −1
−1 −1 −1
−1 −1 0
)
-8
H3114
(
2 −1 0
−1 2 −2
0 −2 2
)
1
2
(
0 −2 −2
−2 −4 −4
−2 −4 −3
)
-2
H3115
(
2 −2 0
−1 2 −2
0 −2 2
)
1
2
(
0 −2 −2
−1 −2 −2
−1 −2 −1
)
-4
H3116
(
2 −3 0
−1 2 −2
0 −2 2
)
1
6
(
0 −6 −6
−2 −4 −4
−2 −4 −1
)
-6
H3117
(
2 −4 0
−1 2 −2
0 −2 2
)
1
4
(
0 −4 −4
−1 −2 −2
−1 −2 0
)
-8
H3118
(
2 −4 0
−1 2 −1
0 −1 2
)
1
2
(
−3 −8 −4
−2 −4 −2
−1 −2 0
)
-2
!!! H3119
(
2 −3 0
−1 2 −1
0 −2 2
)
1
2
(
−2 −6 −3
−2 −4 −2
−2 −4 −1
)
-2
H3120
(
2 −4 0
−1 2 −1
0 −2 2
)
1
2
(
−1 −4 −2
−1 −2 −1
−1 −2 0
)
-4
!!! H3121
(
2 −3 0
−1 2 −1
0 −3 2
)
1
4
(
−1 −6 −3
−2 −4 −2
−3 −6 −1
)
-4
H3122
(
2 −4 0
−1 2 −1
0 −3 2
)
1
6
(
−1 −8 −4
−2 −4 −2
−3 −6 0
)
-6
H3123
(
2 −4 0
−1 2 −1
0 −4 2
)
1
4
(
0 −4 −2
−1 −2 −1
−2 −4 0
)
-8
H41
(
2 −1 0 0
−2 2 −1 0
0 −2 2 −2
0 0 −1 2
)
1
2
(
0 −1 −1 −1
−2 −2 −2 −2
−4 −4 −2 −2
−2 −2 −1 0
)
-4
H42
(
2 −1 0 0
−3 2 −1 0
0 −1 2 −2
0 0 −1 2
)
1
2
(
−2 −2 −2 −2
−6 −4 −4 −4
−6 −4 −2 −2
−3 −2 −1 0
)
-2
H43
(
2 −1 0 0
−1 2 −1 0
0 −2 2 −2
0 0 −1 2
)
1
2
(
0 −2 −2 −2
−2 −4 −4 −4
−4 −8 −6 −6
−2 −4 −3 −2
)
-2
H44
(
2 −1 0 0
−1 2 −2 0
0 −1 2 −2
0 0 −1 2
)
1
2
(
0 −2 −4 −4
−2 −4 −8 −8
−2 −4 −6 −6
−1 −2 −3 −2
)
-2
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H45
(
2 −2 0 0
−1 2 −1 0
0 −2 2 −2
0 0 −1 2
)
1
2
(
0 −2 −2 −2
−1 −2 −2 −2
−2 −4 −2 −2
−1 −2 −1 0
)
-4
H46
(
2 −2 0 0
−1 2 −2 0
0 −1 2 −2
0 0 −1 2
)
1
4
(
0 −4 −8 −8
−2 −4 −8 −8
−2 −4 −4 −4
−1 −2 −2 0
)
-4
H47
(
2 −3 0 0
−1 2 −1 0
0 −1 2 −2
0 0 −1 2
)
1
2
(
−2 −6 −6 −6
−2 −4 −4 −4
−2 −4 −2 −2
−1 −2 −1 0
)
-2
H48
(
2 −1 0 0
−3 2 −1 0
0 −1 2 −3
0 0 −1 2
)
1
3
(
0 −1 −2 −3
−3 −2 −4 −6
−6 −4 −2 −3
−3 −2 −1 0
)
-3
H49
(
2 −1 0 0
−1 2 −1 0
0 −1 2 −3
0 0 −1 2
) (
0 −1 −2 −3
−1 −2 −4 −6
−2 −4 −6 −9
−1 −2 −3 −4
)
-1
H410
(
2 −2 0 0
−1 2 −1 0
0 −1 2 −3
0 0 −1 2
)
1
2
(
0 −2 −4 −6
−1 −2 −4 −6
−2 −4 −4 −6
−1 −2 −2 −2
)
-2
H411
(
2 −3 0 0
−1 2 −1 0
0 −1 2 −3
0 0 −1 2
)
1
3
(
0 −3 −6 −9
−1 −2 −4 −6
−2 −4 −2 −3
−1 −2 −1 0
)
-3
H412
(
2 −1 0 0
−1 2 −3 0
0 −1 2 −1
0 0 −1 2
)
1
3
(
0 −3 −6 −3
−3 −6 −12 −6
−2 −4 −6 −3
−1 −2 −3 0
)
-3
H413
(
2 −2 0 0
−1 2 −2 0
0 −1 2 −1
0 0 −1 2
)
1
2
(
−2 −6 −8 −4
−3 −6 −8 −4
−2 −4 −4 −2
−1 −2 −2 0
)
-2
H414
(
2 −2 0 0
−1 2 −1 0
0 −2 2 −1
0 0 −1 2
)
1
2
(
−2 −6 −4 −2
−3 −6 −4 −2
−4 −8 −4 −2
−2 −4 −2 0
)
-2
H415
(
2 −3 0 0
−1 2 −1 0
0 −1 2 −1
0 0 −1 2
) (
−4 −9 −6 −3
−3 −6 −4 −2
−2 −4 −2 −1
−1 −2 −1 0
)
-1
H416
(
2 −2 0 0
−1 2 −2 0
0 −1 2 −1
0 0 −2 2
)
1
2
(
0 −2 −4 −2
−1 −2 −4 −2
−1 −2 −2 −1
−1 −2 −2 0
)
-4
H417
(
2 −3 0 0
−1 2 −1 0
0 −1 2 −1
0 0 −2 2
)
1
2
(
−2 −6 −6 −3
−2 −4 −4 −2
−2 −4 −2 −1
−2 −4 −2 0
)
-2
H418
(
2 −3 0 0
−1 2 −1 0
0 −1 2 −1
0 0 −3 2
)
1
3
(
0 −3 −6 −3
−1 −2 −4 −2
−2 −4 −2 −1
−3 −6 −3 0
)
-3
H419
(
2 −1 0 −1
−1 2 −1 0
0 −2 2 −2
−1 0 −1 2
)
1
4
(
0 −2 −2 −2
−2 −1 −2 −3
−4 −4 −2 −4
−2 −3 −2 −1
)
-8
NH420
(
2 −1 0 −1
−2 2 −1 0
0 −2 2 −2
−1 0 −1 2
)
1
12
(
0 −4 −4 −4
−6 −2 −5 −8
−12 −8 −2 −8
−6 −6 −3 0
)
-12
NH421
(
2 −2 0 −1
−1 2 −1 0
0 −2 2 −2
−1 0 −1 2
)
1
6
(
0 −3 −3 −3
−2 −1 −2 −3
−4 −5 −1 −3
−2 −4 −2 0
)
-12
H422
(
2 −1 0 −1
−2 2 −1 0
0 −2 2 −2
−2 0 −1 2
)
1
4
(
0 −1 −1 −1
−2 0 −1 −2
−4 −2 0 −2
−2 −2 −1 0
)
-16
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NH423
(
2 −2 0 −1
−1 2 −1 0
0 −2 2 −2
−2 0 −1 2
)
1
6
(
0 −2 −2 −2
−2 0 −1 −2
−4 −4 0 −2
−2 −4 −2 0
)
-18
H424
(
2 −2 0 −2
−1 2 −1 0
0 −2 2 −2
−1 0 −1 2
)
1
4
(
0 −2 −2 −2
−1 0 −1 −2
−2 −2 0 −2
−1 −2 −1 0
)
-16
H425
(
2 −1 0 −1
−1 2 −1 0
0 −3 2 −1
−3 0 −1 2
)
1
6
(
0 −3 −2 −1
−3 0 −1 −2
−6 −3 0 −3
−3 −6 −3 0
)
-12
NH426
(
2 −1 0 −1
−1 2 −1 0
0 −3 2 −1
−1 0 −1 2
)
1
4
(
0 −3 −2 −1
−2 −2 −2 −2
−4 −5 −2 −3
−2 −4 −2 0
)
-8
NH427
(
2 −1 0 −3
−1 2 −1 0
0 −3 2 −1
−1 0 −1 2
)
1
4
(
0 −3 −2 −1
−1 0 −1 −2
−2 −1 0 −3
−1 −2 −1 0
)
-16
NH428
(
2 −1 0 −2
−1 2 −1 0
0 −3 2 −1
−1 0 −1 2
)
1
12
(
0 −9 −6 −3
−4 −2 −4 −6
−8 −7 −2 −9
−4 −8 −4 0
)
-12
NH429
(
2 −1 0 −1
−1 2 −1 0
0 −3 2 −1
−2 0 −1 2
)
1
10
(
0 −6 −4 −2
−5 −2 −3 −4
−10 −8 −2 −6
−5 −10 −5 0
)
-10
!!! NH430
(
2 −2 0 −1
−1 2 −1 0
0 −1 2 −1
−1 0 −1 2
)
1
4
(
−4 −7 −6 −5
−4 −4 −4 −4
−4 −5 −2 −3
−4 −6 −4 −2
)
-4
NH431
(
2 −1 0 −2
−2 2 −1 0
0 −1 2 −1
−1 0 −1 2
)
1
9
(
−4 −5 −6 −7
−7 −2 −6 −10
−6 −3 0 −6
−5 −4 −3 −2
)
-9
H432
(
2 −1 0 −1
−2 2 −1 0
0 −1 2 −1
−2 0 −1 2
)
1
4
(
−2 −2 −2 −2
−4 −1 −2 −3
−4 −2 0 −2
−4 −3 −2 −1
)
-8
!!! H433
(
2 −2 0 −1
−1 2 −1 0
0 −1 2 −1
−1 0 −2 2
)
1
7
(
−2 −6 −8 −5
−3 −2 −5 −4
−4 −5 −2 −3
−5 −8 −6 −2
)
-7
!!! NH434
(
2 −1 0 −1
−2 2 −1 0
0 −1 2 −1
−1 0 −2 2
)
1
8
(
−2 −4 −6 −4
−5 −2 −7 −6
−6 −4 −2 −4
−7 −6 −5 −2
)
-8
NH435
(
2 −1 0 −2
−2 2 −1 0
0 −1 2 −1
−1 0 −2 2
)
1
15
(
−2 −6 −10 −7
−5 0 −10 −10
−6 −3 0 −6
−7 −6 −5 −2
)
-15
NH436
(
2 −1 0 −1
−2 2 −1 0
0 −1 2 −2
−2 0 −1 2
)
1
12
(
−2 −3 −4 −5
−8 0 −4 −8
−12 −6 0 −6
−8 −6 −4 −2
)
-12
NH437
(
2 −1 0 −2
−2 2 −1 0
0 −2 2 −1
−1 0 −2 2
)
1
5
(
0 −2 −2 −1
−1 0 −2 −2
−2 −1 0 −2
−2 −2 −1 0
)
-25
H438
(
2 −1 0 0
−2 2 −2 −2
0 −1 2 0
0 −1 0 2
)
1
2
(
0 −1 −1 −1
−2 −2 −2 −2
−1 −1 0 −1
−1 −1 −1 0
)
-8
H439
(
2 −1 0 0
−1 2 −2 −2
0 −1 2 0
0 −1 0 2
)
1
2
(
0 −2 −2 −2
−2 −4 −4 −4
−1 −2 −1 −2
−1 −2 −2 −1
)
-4
H440
(
2 −2 0 0
−1 2 −2 −2
0 −1 2 0
0 −1 0 2
)
1
4
(
0 −4 −4 −4
−2 −4 −4 −4
−1 −2 0 −2
−1 −2 −2 0
)
-8
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H441
(
2 −1 0 0
−1 2 −3 −1
0 −1 2 0
0 −1 0 2
)
1
2
(
0 −2 −3 −1
−2 −4 −6 −2
−1 −2 −2 −1
−1 −2 −3 0
)
-4
H442
(
2 −1 0 0
−1 2 −1 −1
0 −1 2 0
0 −3 0 2
)
1
2
(
0 −2 −1 −1
−2 −4 −2 −2
−1 −2 0 −1
−3 −6 −3 −2
)
-4
H443
(
2 −1 0 0
−2 2 −1 −1
0 −1 2 0
0 −2 0 2
)
1
2
(
−1 −2 −1 −1
−4 −4 −2 −2
−2 −2 0 −1
−4 −4 −2 −1
)
-4
H444
(
2 −2 0 0
−1 2 −1 −1
0 −1 2 0
0 −2 0 2
)
1
2
(
−1 −4 −2 −2
−2 −4 −2 −2
−1 −2 0 −1
−2 −4 −2 −1
)
-4
H445
(
2 −2 0 0
−1 2 −2 −1
0 −1 2 0
0 −2 0 2
)
1
4
(
0 −4 −4 −2
−2 −4 −4 −2
−1 −2 0 −1
−2 −4 −4 0
)
-8
H446
(
2 −2 0 0
−1 2 −1 −1
0 −2 2 0
0 −2 0 2
)
1
2
(
0 −2 −1 −1
−1 −2 −1 −1
−1 −2 0 −1
−1 −2 −1 0
)
-8
H447
(
2 −1 −1 −1
−1 2 −1 −1
−1 −1 2 −1
−1 −1 −1 2
)
1
3
(
0 −1 −1 −1
−1 0 −1 −1
−1 −1 0 −1
−1 −1 −1 0
)
-27
H448
(
2 −1 0 −1
−1 2 −1 −1
0 −1 2 −1
−1 −1 −1 2
)
1
6
(
0 −3 −3 −3
−3 −2 −3 −4
−3 −3 0 −3
−3 −4 −3 −2
)
-12
H449
(
2 −1 0 0
−3 2 −1 −1
0 −1 2 −1
0 −1 −1 2
)
1
3
(
0 −1 −1 −1
−3 −2 −2 −2
−3 −2 0 −1
−3 −2 −1 0
)
-9
H450
(
2 −1 0 0
−1 2 −1 −1
0 −1 2 −1
0 −1 −1 2
)
1
3
(
0 −3 −3 −3
−3 −6 −6 −6
−3 −6 −4 −5
−3 −6 −5 −4
)
-3
H451
(
2 −3 0 0
−1 2 −1 −1
0 −1 2 −1
0 −1 −1 2
)
1
3
(
0 −3 −3 −3
−1 −2 −2 −2
−1 −2 0 −1
−1 −2 −1 0
)
-9
H452
(
2 −2 0 0
−1 2 −1 −1
0 −1 2 −1
0 −1 −1 2
)
1
6
(
0 −6 −6 −6
−3 −6 −6 −6
−3 −6 −2 −4
−3 −6 −4 −2
)
-6
H453
(
2 −1 0 0
−2 2 −1 −1
0 −1 2 −1
0 −1 −1 2
)
1
6
(
0 −3 −3 −3
−6 −6 −6 −6
−6 −6 −2 −4
−6 −6 −4 −2
)
-6
H51

 2 −1 0 0 0−2 2 −1 0 00 −1 2 −1 0
0 0 −2 2 −1
0 0 0 −1 2

 1
2

−1 −2 −3 −2 −1−4 −4 −6 −4 −2−6 −6 −6 −4 −2
−8 −8 −8 −4 −2
−4 −4 −4 −2 0

 -2
H52

 2 −1 0 0 0−2 2 −1 0 00 −1 2 −2 0
0 0 −1 2 −1
0 0 0 −1 2

 1
2

−1 −2 −3 −4 −2−4 −4 −6 −8 −4−6 −6 −6 −8 −4
−4 −4 −4 −4 −2
−2 −2 −2 −2 0

 -2
H53

 2 −1 0 0 0−1 2 −2 0 00 −1 2 −1 0
0 0 −1 2 −1
0 0 0 −2 2

 1
2

 0 −2 −4 −4 −2−2 −4 −8 −8 −4−2 −4 −6 −6 −3
−2 −4 −6 −4 −2
−2 −4 −6 −4 −1

 -2
H54

 2 −1 0 0 0−1 2 −1 0 00 −2 2 −1 0
0 0 −1 2 −1
0 0 0 −2 2

 1
2

 0 −2 −2 −2 −1−2 −4 −4 −4 −2−4 −8 −6 −6 −3
−4 −8 −6 −4 −2
−4 −8 −6 −4 −1

 -2
!!! NH55

 2 −1 0 0 −1−1 2 −1 0 00 −1 2 −2 0
0 0 −1 2 −1
−1 0 0 −1 2

 1
5

−1 −3 −5 −7 −4−4 −2 −5 −8 −6−7 −6 −5 −9 −8
−5 −5 −5 −5 −5
−3 −4 −5 −6 −2

 -5
Inverses of Cartan matrices 39
H56

 2 −1 0 0 −1−2 2 −1 0 00 −1 2 −2 0
0 0 −1 2 −1
−1 0 0 −1 2

 1
8

 −1 −3 −5 −7 −4−6 −2 −6 −10 −8−10 −6 −2 −6 −8
−7 −5 −3 −1 −4
−4 −4 −4 −4 0

 -8
NH57

 2 −2 0 0 −1−1 2 −1 0 00 −1 2 −2 0
0 0 −1 2 −1
−1 0 0 −1 2

 1
9

−1 −5 −8 −11 −6−4 −2 −5 −8 −6−7 −8 −2 −5 −6
−5 −7 −4 −1 −3
−3 −6 −6 −6 0

 -9
H58

 2 −1 0 0 −2−1 2 −1 0 00 −1 2 −2 0
0 0 −1 2 −1
−1 0 0 −1 2

 1
8

−1 −4 −7 −10 −6−4 0 −4 −8 −8−7 −4 −1 −6 −10
−5 −4 −3 −2 −6
−3 −4 −5 −6 −2

 -8
H59

 2 −1 0 0 0−1 2 −1 −1 −20 −1 2 0 0
0 −1 0 2 0
0 −1 0 0 2

 1
2

 0 −2 −1 −1 −2−2 −4 −2 −2 −4−1 −2 0 −1 −2
−1 −2 −1 0 −2
−1 −2 −1 −1 −1

 -8
H510

 2 −2 0 0 0−1 2 −1 −1 −10 −1 2 0 0
0 −1 0 2 0
0 −1 0 0 2

 1
2

−1 −4 −2 −2 −2−2 −4 −2 −2 −2−1 −2 0 −1 −1
−1 −2 −1 0 −1
−1 −2 −1 −1 0

 -8
H511

 2 −1 0 −1 0−1 2 −1 0 −10 −1 2 −1 0
−1 0 −1 2 −1
0 −1 0 −1 2

 1
4

 0 −2 −2 −2 −2−2 −1 −2 −3 −2−2 −2 0 −2 −2
−2 −3 −2 −1 −2
−2 −2 −2 −2 0

 -16
H512

 2 −1 0 0 0−1 2 −1 0 −10 −1 2 −1 0
0 0 −1 2 −1
0 −1 0 −1 2

 1
4

 0 −4 −4 −4 −4−4 −8 −8 −8 −8−4 −8 −5 −6 −7
−4 −8 −6 −4 −6
−4 −8 −7 −6 −5

 -4
H513

 2 −1 0 0 0−2 2 −1 0 −10 −1 2 −1 0
0 0 −1 2 −1
0 −1 0 −1 2

 1
4

 0 −2 −2 −2 −2−4 −4 −4 −4 −4−4 −4 −1 −2 −3
−4 −4 −2 0 −2
−4 −4 −3 −2 −1

 -8
H514

 2 −2 0 0 0−1 2 −1 0 −10 −1 2 −1 0
0 0 −1 2 −1
0 −1 0 −1 2

 1
4

 0 −4 −4 −4 −4−2 −4 −4 −4 −4−2 −4 −1 −2 −3
−2 −4 −2 0 −2
−2 −4 −3 −2 −1

 -8
H515

 2 −1 0 0 0−1 2 −1 −2 00 −1 2 0 0
0 −1 0 2 −1
0 0 0 −1 2

 1
4

−1 −6 −3 −8 −4−6 −12 −6 −16 −8−3 −6 −1 −8 −4
−4 −8 −4 −8 −4
−2 −4 −2 −4 0

 -4
H516

 2 −1 0 0 0−1 2 −1 −1 00 −1 2 0 0
0 −2 0 2 −1
0 0 0 −1 2

 1
4

−1 −6 −3 −4 −2−6 −12 −6 −8 −4−3 −6 −1 −4 −2
−8 −16 −8 −8 −4
−4 −8 −4 −4 0

 -4
H517

 2 −1 0 0 0−1 2 −2 −1 00 −1 2 0 0
0 −1 0 2 −2
0 0 0 −1 2

 1
2

 0 −2 −2 −2 −2−2 −4 −4 −4 −4−1 −2 −1 −2 −2
−2 −4 −4 −2 −2
−1 −2 −2 −1 0

 -4
H518

 2 −1 0 0 0−1 2 −2 −1 00 −1 2 0 0
0 −1 0 2 −1
0 0 0 −1 2

 1
2

−2 −6 −6 −4 −2−6 −12 −12 −8 −4−3 −6 −5 −4 −2
−4 −8 −8 −4 −2
−2 −4 −4 −2 0

 -2
H519

 2 −1 0 0 0−1 2 −2 −1 00 −1 2 0 0
0 −1 0 2 −1
0 0 0 −2 2

 1
2

 0 −2 −2 −2 −1−2 −4 −4 −4 −2−1 −2 −1 −2 −1
−2 −4 −4 −2 −1
−2 −4 −4 −2 0

 -4
H520

 2 −1 0 0 0−1 2 −1 −1 00 −2 2 0 0
0 −1 0 2 −2
0 0 0 −1 2

 1
2

 0 −2 −1 −2 −2−2 −4 −2 −4 −4−2 −4 −1 −4 −4
−2 −4 −2 −2 −2
−1 −2 −1 −1 0

 -4
H521

 2 −1 0 0 0−1 2 −1 −1 00 −2 2 0 0
0 −1 0 2 −1
0 0 0 −1 2

 1
2

−2 −6 −3 −4 −2−6 −12 −6 −8 −4−6 −12 −5 −8 −4
−4 −8 −4 −4 −2
−2 −4 −2 −2 0

 -2
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H522

 2 −1 0 0 0−1 2 −1 −1 00 −2 2 0 0
0 −1 0 2 −1
0 0 0 −2 2

 1
2

 0 −2 −1 −2 −1−2 −4 −2 −4 −2−2 −4 −1 −4 −2
−2 −4 −2 −2 −1
−2 −4 −2 −2 0

 -4
H61


2 −1 0 0 0 0
−1 2 −1 −1 0 0
0 −1 2 0 0 0
0 −1 0 2 −1 0
0 0 0 −2 2 −1
0 0 0 0 −1 2

 12


0 −2 −1 −3 −2 −1
−2 −4 −2 −6 −4 −2
−1 −2 0 −3 −2 −1
−3 −6 −3 −6 −4 −2
−4 −8 −4 −8 −4 −2
−2 −4 −2 −4 −2 0

 -4
H62


2 −1 0 0 0 0
−1 2 −1 −1 0 0
0 −1 2 0 0 0
0 −1 0 2 −2 0
0 0 0 −1 2 −1
0 0 0 0 −1 2

 12


0 −2 −1 −3 −4 −2
−2 −4 −2 −6 −8 −4
−1 −2 0 −3 −4 −2
−3 −6 −3 −6 −8 −4
−2 −4 −2 −4 −4 −2
−1 −2 −1 −2 −2 0

 -4
NH63


2 −1 0 0 0 −1
−1 2 −1 0 0 0
0 −1 2 −1 0 0
0 0 −1 2 −2 0
0 0 0 −1 2 −1
−1 0 0 0 −1 2

 16


0 −2 −4 −6 −8 −4
−3 0 −3 −6 −9 −6
−6 −4 −2 −6 −10 −8
−9 −8 −7 −6 −11 −10
−6 −6 −6 −6 −6 −6
−3 −4 −5 −6 −7 −2

 -6
H64


2 −1 0 0 0 −1
−2 2 −1 0 0 0
0 −1 2 −1 0 0
0 0 −1 2 −2 0
0 0 0 −1 2 −1
−1 0 0 0 −1 2

 14


0 −1 −2 −3 −4 −2
−2 0 −2 −4 −6 −4
−4 −2 0 −2 −4 −4
−6 −4 −2 0 −2 −4
−4 −3 −2 −1 0 −2
−2 −2 −2 −2 −2 0

 -8
NH65


2 −2 0 0 0 −1
−1 2 −1 0 0 0
0 −1 2 −1 0 0
0 0 −1 2 −2 0
0 0 0 −1 2 −1
−1 0 0 0 −1 2

 13


0 −1 −2 −3 −4 −2
−1 0 −1 −2 −3 −2
−2 −2 0 −1 −2 −2
−3 −4 −2 0 −1 −2
−2 −3 −2 −1 0 −1
−1 −2 −2 −2 −2 0

 -9
H66


2 −1 0 0 0 0
−1 2 −1 −1 −1 −1
0 −1 2 0 0 0
0 −1 0 2 0 0
0 −1 0 0 2 0
0 −1 0 0 0 2

 12


0 −2 −1 −1 −1 −1
−2 −4 −2 −2 −2 −2
−1 −2 0 −1 −1 −1
−1 −2 −1 0 −1 −1
−1 −2 −1 −1 0 −1
−1 −2 −1 −1 −1 0

 -16
H67


2 −2 0 0 0 0
−1 2 −1 0 0 0
0 −1 2 −1 −1 0
0 0 −1 2 0 0
0 0 −1 0 2 −1
0 0 0 0 −1 2

 12


−4 −10 −12 −6 −8 −4
−5 −10 −12 −6 −8 −4
−6 −12 −12 −6 −8 −4
−3 −6 −6 −2 −4 −2
−4 −8 −8 −4 −4 −2
−2 −4 −4 −2 −2 0

 -2
H68


2 −1 0 0 0 0
−2 2 −1 0 0 0
0 −1 2 −1 −1 0
0 0 −1 2 0 0
0 0 −1 0 2 −1
0 0 0 0 −1 2

 12


−4 −5 −6 −3 −4 −2
−10 −10 −12 −6 −8 −4
−12 −12 −12 −6 −8 −4
−6 −6 −6 −2 −4 −2
−8 −8 −8 −4 −4 −2
−4 −4 −4 −2 −2 0

 -2
H69


2 −2 0 0 0 0
−1 2 −1 0 0 0
0 −1 2 −1 −1 0
0 0 −1 2 0 0
0 0 −1 0 2 −1
0 0 0 0 −2 2

 12


0 −2 −4 −2 −4 −2
−1 −2 −4 −2 −4 −2
−2 −4 −4 −2 −4 −2
−1 −2 −2 0 −2 −1
−2 −4 −4 −2 −2 −1
−2 −4 −4 −2 −2 0

 -4
H610


2 −1 0 0 0 0
−2 2 −1 0 0 0
0 −1 2 −1 −1 0
0 0 −1 2 0 0
0 0 −1 0 2 −1
0 0 0 0 −2 2

 12


0 −1 −2 −1 −2 −1
−2 −2 −4 −2 −4 −2
−4 −4 −4 −2 −4 −2
−2 −2 −2 0 −2 −1
−4 −4 −4 −2 −2 −1
−4 −4 −4 −2 −2 0

 -4
H611


2 −1 0 0 0 0
−2 2 −1 0 0 0
0 −1 2 −1 −1 0
0 0 −1 2 0 0
0 0 −1 0 2 −2
0 0 0 0 −1 2

 12


0 −1 −2 −1 −2 −2
−2 −2 −4 −2 −4 −4
−4 −4 −4 −2 −4 −4
−2 −2 −2 0 −2 −2
−4 −4 −4 −2 −2 −2
−2 −2 −2 −1 −1 0

 -4
H612


2 −1 0 0 0 0
−2 2 −1 0 0 0
0 −1 2 −1 0 0
0 0 −1 2 −1 0
0 0 0 −2 2 −1
0 0 0 0 −1 2

 12


0 −1 −2 −3 −2 −1
−2 −2 −4 −6 −4 −2
−4 −4 −4 −6 −4 −2
−6 −6 −6 −6 −4 −2
−8 −8 −8 −8 −4 −2
−4 −4 −4 −4 −2 0

 -2
H613


2 −1 0 0 0 0
−2 2 −1 0 0 0
0 −1 2 −1 0 0
0 0 −1 2 −2 0
0 0 0 −1 2 −1
0 0 0 0 −1 2

 12


0 −1 −2 −3 −4 −2
−2 −2 −4 −6 −8 −4
−4 −4 −4 −6 −8 −4
−6 −6 −6 −6 −8 −4
−4 −4 −4 −4 −4 −2
−2 −2 −2 −2 −2 0

 -2
Inverses of Cartan matrices 41
H614


2 −1 0 0 0 0
−1 2 −1 0 0 0
0 −1 2 −1 0 0
0 0 −1 2 −1 0
0 0 0 −2 2 −1
0 0 0 0 −1 2




0 −1 −2 −3 −2 −1
−1 −2 −4 −6 −4 −2
−2 −4 −6 −9 −6 −3
−3 −6 −9 −12 −8 −4
−4 −8 −12 −16 −10 −5
−2 −4 −6 −8 −5 −2

 -1
H615


2 −1 0 0 0 0
−1 2 −1 0 0 0
0 −2 2 −1 0 0
0 0 −1 2 −1 0
0 0 0 −1 2 −1
0 0 0 0 −1 2




−2 −5 −4 −3 −2 −1
−5 −10 −8 −6 −4 −2
−8 −16 −12 −9 −6 −3
−6 −12 −9 −6 −4 −2
−4 −8 −6 −4 −2 −1
−2 −4 −3 −2 −1 0

 -1
H616


2 −1 0 0 0 0
−1 2 −1 0 0 0
0 −1 2 −2 0 0
0 0 −1 2 −1 0
0 0 0 −1 2 −1
0 0 0 0 −1 2

 12


0 −2 −4 −6 −4 −2
−2 −4 −8 −12 −8 −4
−4 −8 −12 −18 −12 −6
−3 −6 −9 −12 −8 −4
−2 −4 −6 −8 −4 −2
−1 −2 −3 −4 −2 0

 -2
H617


2 −1 0 0 0 0
−1 2 −2 0 0 0
0 −1 2 −1 0 0
0 0 −1 2 −1 0
0 0 0 −1 2 −1
0 0 0 0 −2 2

 12


0 −2 −4 −4 −4 −2
−2 −4 −8 −8 −8 −4
−2 −4 −6 −6 −6 −3
−2 −4 −6 −4 −4 −2
−2 −4 −6 −4 −2 −1
−2 −4 −6 −4 −2 0

 -2
H618


2 −1 0 0 0 0
−1 2 −1 0 0 0
0 −2 2 −1 0 0
0 0 −1 2 −1 0
0 0 0 −1 2 −1
0 0 0 0 −2 2

 12


0 −2 −2 −2 −2 −1
−2 −4 −4 −4 −4 −2
−4 −8 −6 −6 −6 −3
−4 −8 −6 −4 −4 −2
−4 −8 −6 −4 −2 −1
−4 −8 −6 −4 −2 0

 -2
H619


2 −1 0 0 0 0
−1 2 −1 0 0 −1
0 −1 2 −1 0 0
0 0 −1 2 −1 0
0 0 0 −1 2 −1
0 −1 0 0 −1 2

 15


0 −5 −5 −5 −5 −5
−5 −10 −10 −10 −10 −10
−5 −10 −6 −7 −8 −9
−5 −10 −7 −4 −6 −8
−5 −10 −8 −6 −4 −7
−5 −10 −9 −8 −7 −6

 -5
H620


2 −1 0 0 0 0
−1 2 −1 −1 −1 0
0 −1 2 0 0 0
0 −1 0 2 0 0
0 −1 0 0 2 −1
0 0 0 0 −1 2

 12


−2 −6 −3 −3 −4 −2
−6 −12 −6 −6 −8 −4
−3 −6 −2 −3 −4 −2
−3 −6 −3 −2 −4 −2
−4 −8 −4 −4 −4 −2
−2 −4 −2 −2 −2 0

 -4
H621


2 −1 0 0 0 0
−1 2 −1 −1 −1 0
0 −1 2 0 0 0
0 −1 0 2 0 0
0 −1 0 0 2 −1
0 0 0 0 −2 2

 12


0 −2 −1 −1 −2 −1
−2 −4 −2 −2 −4 −2
−1 −2 0 −1 −2 −1
−1 −2 −1 0 −2 −1
−2 −4 −2 −2 −2 −1
−2 −4 −2 −2 −2 0

 -8
H622


2 −1 0 0 0 0
−1 2 −1 −1 −1 0
0 −1 2 0 0 0
0 −1 0 2 0 0
0 −1 0 0 2 −2
0 0 0 0 −1 2

 12


0 −2 −1 −1 −2 −2
−2 −4 −2 −2 −4 −4
−1 −2 0 −1 −2 −2
−1 −2 −1 0 −2 −2
−2 −4 −2 −2 −2 −2
−1 −2 −1 −1 −1 0

 -8
H71


2 −1 0 0 0 0 0
−1 2 −1 0 0 0 0
0 −1 2 −1 −1 0 0
0 0 −1 2 0 0 0
0 0 −1 0 2 −1 0
0 0 0 0 −1 2 −1
0 0 0 0 0 −2 2

 12


0 −2 −4 −2 −4 −4 −2
−2 −4 −8 −4 −8 −8 −4
−4 −8 −12 −6 −12 −12 −6
−2 −4 −6 −2 −6 −6 −3
−4 −8 −12 −6 −10 −10 −5
−4 −8 −12 −6 −10 −8 −4
−4 −8 −12 −6 −10 −8 −3

 -2
H72


2 −1 0 0 0 0 0
−1 2 −1 0 0 0 0
0 −1 2 −1 −1 0 0
0 0 −1 2 0 0 0
0 0 −1 0 2 −1 0
0 0 0 0 −1 2 −2
0 0 0 0 0 −1 2

 12


0 −2 −4 −2 −4 −4 −4
−2 −4 −8 −4 −8 −8 −8
−4 −8 −12 −6 −12 −12 −12
−2 −4 −6 −2 −6 −6 −6
−4 −8 −12 −6 −10 −10 −10
−4 −8 −12 −6 −10 −8 −8
−2 −4 −6 −3 −5 −4 −3

 -2
H73


2 −1 0 0 0 0 0
−1 2 −1 0 0 0 −1
0 −1 2 −1 0 0 0
0 0 −1 2 −1 0 0
0 0 0 −1 2 −1 0
0 0 0 0 −1 2 −1
0 −1 0 0 0 −1 2

 16


0 −6 −6 −6 −6 −6 −6
−6 −12 −12 −12 −12 −12 −12
−6 −12 −7 −8 −9 −10 −11
−6 −12 −8 −4 −6 −8 −10
−6 −12 −9 −6 −3 −6 −9
−6 −12 −10 −8 −6 −4 −8
−6 −12 −11 −10 −9 −8 −7

 -6
H74


2 −1 0 0 0 0 0
−1 2 −1 0 −1 0 0
0 −1 2 −1 0 0 0
0 0 −1 2 0 0 0
0 −1 0 0 2 −1 −1
0 0 0 0 −1 2 0
0 0 0 0 −1 0 2

 14


−4 −12 −8 −4 −12 −6 −6
−12 −24 −16 −8 −24 −12 −12
−8 −16 −8 −4 −16 −8 −8
−4 −8 −4 0 −8 −4 −4
−12 −24 −16 −8 −20 −10 −10
−6 −12 −8 −4 −10 −3 −5
−6 −12 −8 −4 −10 −5 −3

 -4
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H81


2 −1 0 0 0 0 0 0
−1 2 −1 0 0 0 0 −1
0 −1 2 −1 0 0 0 0
0 0 −1 2 −1 0 0 0
0 0 0 −1 2 −1 0 0
0 0 0 0 −1 2 −1 0
0 0 0 0 0 −1 2 −1
0 −1 0 0 0 0 −1 2

 17


0 −7 −7 −7 −7 −7 −7 −7
−7 −14 −14 −14 −14 −14 −14 −14
−7 −14 −8 −9 −10 −11 −12 −13
−7 −14 −9 −4 −6 −8 −10 −12
−7 −14 −10 −6 −2 −5 −8 −11
−7 −14 −11 −8 −5 −2 −6 −10
−7 −14 −12 −10 −8 −6 −4 −9
−7 −14 −13 −12 −11 −10 −9 −8

 -7
H82


2 −1 0 0 0 0 0 0
−1 2 −1 0 0 0 0 0
0 −1 2 −1 −1 0 0 0
0 0 −1 2 0 0 0 0
0 0 −1 0 2 −1 0 0
0 0 0 0 −1 2 −1 0
0 0 0 0 0 −1 2 −1
0 0 0 0 0 0 −2 2

 12


0 −2 −4 −2 −4 −4 −4 −2
−2 −4 −8 −4 −8 −8 −8 −4
−4 −8 −12 −6 −12 −12 −12 −6
−2 −4 −6 −2 −6 −6 −6 −3
−4 −8 −12 −6 −10 −10 −10 −5
−4 −8 −12 −6 −10 −8 −8 −4
−4 −8 −12 −6 −10 −8 −6 −3
−4 −8 −12 −6 −10 −8 −6 −2

 -2
H83


2 −1 0 0 0 0 0 0
−1 2 −1 0 0 0 0 0
0 −1 2 −1 −1 0 0 0
0 0 −1 2 0 0 0 0
0 0 −1 0 2 −1 0 0
0 0 0 0 −1 2 −1 0
0 0 0 0 0 −1 2 −2
0 0 0 0 0 0 −1 2

 12


0 −2 −4 −2 −4 −4 −4 −4
−2 −4 −8 −4 −8 −8 −8 −8
−4 −8 −12 −6 −12 −12 −12 −12
−2 −4 −6 −2 −6 −6 −6 −6
−4 −8 −12 −6 −10 −10 −10 −10
−4 −8 −12 −6 −10 −8 −8 −8
−4 −8 −12 −6 −10 −8 −6 −6
−2 −4 −6 −3 −5 −4 −3 −2

 -2
H84


2 −1 0 0 0 0 0 0
−1 2 −1 0 0 0 0 0
0 −1 2 −1 −1 0 0 0
0 0 −1 2 0 0 0 0
0 0 −1 0 2 −1 0 0
0 0 0 0 −1 2 −1 −1
0 0 0 0 0 −1 2 0
0 0 0 0 0 −1 0 2

 12


0 −2 −4 −2 −4 −4 −2 −2
−2 −4 −8 −4 −8 −8 −4 −4
−4 −8 −12 −6 −12 −12 −6 −6
−2 −4 −6 −2 −6 −6 −3 −3
−4 −8 −12 −6 −10 −10 −5 −5
−4 −8 −12 −6 −10 −8 −4 −4
−2 −4 −6 −3 −5 −4 −1 −2
−2 −4 −6 −3 −5 −4 −2 −1

 -4
H85


2 −1 0 0 0 0 0 0
−1 2 −1 0 0 0 0 0
0 −1 2 −1 0 0 −1 0
0 0 −1 2 −1 0 0 0
0 0 0 −1 2 −1 0 0
0 0 0 0 −1 2 0 0
0 0 −1 0 0 0 2 −1
0 0 0 0 0 0 −1 2

 13


−2 −7 −12 −9 −6 −3 −8 −4
−7 −14 −24 −18 −12 −6 −16 −8
−12 −24 −36 −27 −18 −9 −24 −12
−9 −18 −27 −18 −12 −6 −18 −9
−6 −12 −18 −12 −6 −3 −12 −6
−3 −6 −9 −6 −3 0 −6 −3
−8 −16 −24 −18 −12 −6 −14 −7
−4 −8 −12 −9 −6 −3 −7 −2

 -3
H91


2 −1 0 0 0 0 0 0 0
−1 2 −1 0 0 0 0 0 0
0 −1 2 −1 0 0 0 0 0
0 0 −1 2 −1 −1 0 0 0
0 0 0 −1 2 0 0 0 0
0 0 0 −1 0 2 −1 0 0
0 0 0 0 0 −1 2 −1 0
0 0 0 0 0 0 −1 2 −1
0 0 0 0 0 0 0 −1 2

 12


−1 −4 −7 −10 −5 −8 −6 −4 −2
−4 −8 −14 −20 −10 −16 −12 −8 −4
−7 −14 −21 −30 −15 −24 −18 −12 −6
−10 −20 −30 −40 −20 −32 −24 −16 −8
−5 −10 −15 −20 −9 −16 −12 −8 −4
−8 −16 −24 −32 −16 −24 −18 −12 −6
−6 −12 −18 −24 −12 −18 −12 −8 −4
−4 −8 −12 −16 −8 −12 −8 −4 −2
−2 −4 −6 −8 −4 −6 −4 −2 0

 -2
H92


2 −1 0 0 0 0 0 0 0
−1 2 −1 0 0 0 0 0 0
0 −1 2 −1 −1 0 0 0 0
0 0 −1 2 0 0 0 0 0
0 0 −1 0 2 −1 0 0 0
0 0 0 0 −1 2 −1 0 0
0 0 0 0 0 −1 2 −1 0
0 0 0 0 0 0 −1 2 −1
0 0 0 0 0 0 0 −2 2

 12


0 −2 −4 −2 −4 −4 −4 −4 −2
−2 −4 −8 −4 −8 −8 −8 −8 −4
−4 −8 −12 −6 −12 −12 −12 −12 −6
−2 −4 −6 −2 −6 −6 −6 −6 −3
−4 −8 −12 −6 −10 −10 −10 −10 −5
−4 −8 −12 −6 −10 −8 −8 −8 −4
−4 −8 −12 −6 −10 −8 −6 −6 −3
−4 −8 −12 −6 −10 −8 −6 −4 −2
−4 −8 −12 −6 −10 −8 −6 −4 −1

 -2
H93


2 −1 0 0 0 0 0 0 0
−1 2 −1 0 0 0 0 0 0
0 −1 2 −1 −1 0 0 0 0
0 0 −1 2 0 0 0 0 0
0 0 −1 0 2 −1 0 0 0
0 0 0 0 −1 2 −1 0 0
0 0 0 0 0 −1 2 −1 0
0 0 0 0 0 0 −1 2 −2
0 0 0 0 0 0 0 −1 2

 12


0 −2 −4 −2 −4 −4 −4 −4 −4
−2 −4 −8 −4 −8 −8 −8 −8 −8
−4 −8 −12 −6 −12 −12 −12 −12 −12
−2 −4 −6 −2 −6 −6 −6 −6 −6
−4 −8 −12 −6 −10 −10 −10 −10 −10
−4 −8 −12 −6 −10 −8 −8 −8 −8
−4 −8 −12 −6 −10 −8 −6 −6 −6
−4 −8 −12 −6 −10 −8 −6 −4 −4
−2 −4 −6 −3 −5 −4 −3 −2 −1

 -2
H94


2 −1 0 0 0 0 0 0 0
−1 2 −1 0 0 0 0 0 0
0 −1 2 −1 −1 0 0 0 0
0 0 −1 2 0 0 0 0 0
0 0 −1 0 2 −1 0 0 0
0 0 0 0 −1 2 −1 0 0
0 0 0 0 0 −1 2 −1 −1
0 0 0 0 0 0 −1 2 0
0 0 0 0 0 0 −1 0 2

 14


0 −4 −8 −4 −8 −8 −8 −4 −4
−4 −8 −16 −8 −16 −16 −16 −8 −8
−8 −16 −24 −12 −24 −24 −24 −12 −12
−4 −8 −12 −4 −12 −12 −12 −6 −6
−8 −16 −24 −12 −20 −20 −20 −10 −10
−8 −16 −24 −12 −20 −16 −16 −8 −8
−8 −16 −24 −12 −20 −16 −12 −6 −6
−4 −8 −12 −6 −10 −8 −6 −1 −3
−4 −8 −12 −6 −10 −8 −6 −3 −1

 -4
H95


2 −1 0 0 0 0 0 0 0
−1 2 −1 0 0 0 0 0 −1
0 −1 2 −1 0 0 0 0 0
0 0 −1 2 −1 0 0 0 0
0 0 0 −1 2 −1 0 0 0
0 0 0 0 −1 2 −1 0 0
0 0 0 0 0 −1 2 −1 0
0 0 0 0 0 0 −1 2 −1
0 −1 0 0 0 0 0 −1 2

 18


0 −8 −8 −8 −8 −8 −8 −8 −8
−8 −16 −16 −16 −16 −16 −16 −16 −16
−8 −16 −9 −10 −11 −12 −13 −14 −15
−8 −16 −10 −4 −6 −8 −10 −12 −14
−8 −16 −11 −6 −1 −4 −7 −10 −13
−8 −16 −12 −8 −4 0 −4 −8 −12
−8 −16 −13 −10 −7 −4 −1 −6 −11
−8 −16 −14 −12 −10 −8 −6 −4 −10
−8 −16 −15 −14 −13 −12 −11 −10 −9

 -8
Inverses of Cartan matrices 43
H101


2 −1 0 0 0 0 0 0 0 0
−1 2 −1 0 0 0 0 0 0 0
0 −1 2 −1 −1 0 0 0 0 0
0 0 −1 2 0 0 0 0 0 0
0 0 −1 0 2 −1 0 0 0 0
0 0 0 0 −1 2 −1 0 0 0
0 0 0 0 0 −1 2 −1 0 0
0 0 0 0 0 0 −1 2 −1 0
0 0 0 0 0 0 0 −1 2 −1
0 0 0 0 0 0 0 0 −1 2




−4 −9 −14 −7 −12 −10 −8 −6 −4 −2
−9 −18 −28 −14 −24 −20 −16 −12 −8 −4
−14 −28 −42 −21 −36 −30 −24 −18 −12 −6
−7 −14 −21 −10 −18 −15 −12 −9 −6 −3
−12 −24 −36 −18 −30 −25 −20 −15 −10 −5
−10 −20 −30 −15 −25 −20 −16 −12 −8 −4
−8 −16 −24 −12 −20 −16 −12 −9 −6 −3
−6 −12 −18 −9 −15 −12 −9 −6 −4 −2
−4 −8 −12 −6 −10 −8 −6 −4 −2 −1
−2 −4 −6 −3 −5 −4 −3 −2 −1 0


-1
H102


2 −1 0 0 0 0 0 0 0 0
−1 2 −1 0 0 0 0 0 0 0
0 −1 2 −1 −1 0 0 0 0 0
0 0 −1 2 0 0 0 0 0 0
0 0 −1 0 2 −1 0 0 0 0
0 0 0 0 −1 2 −1 0 0 0
0 0 0 0 0 −1 2 −1 0 0
0 0 0 0 0 0 −1 2 −1 0
0 0 0 0 0 0 0 −1 2 −1
0 0 0 0 0 0 0 0 −2 2


1
2


0 −2 −4 −2 −4 −4 −4 −4 −4 −2
−2 −4 −8 −4 −8 −8 −8 −8 −8 −4
−4 −8 −12 −6 −12 −12 −12 −12 −12 −6
−2 −4 −6 −2 −6 −6 −6 −6 −6 −3
−4 −8 −12 −6 −10 −10 −10 −10 −10 −5
−4 −8 −12 −6 −10 −8 −8 −8 −8 −4
−4 −8 −12 −6 −10 −8 −6 −6 −6 −3
−4 −8 −12 −6 −10 −8 −6 −4 −4 −2
−4 −8 −12 −6 −10 −8 −6 −4 −2 −1
−4 −8 −12 −6 −10 −8 −6 −4 −2 0


-2
H103


2 −1 0 0 0 0 0 0 0 0
−1 2 −1 0 0 0 0 0 0 0
0 −1 2 −1 −1 0 0 0 0 0
0 0 −1 2 0 0 0 0 0 0
0 0 −1 0 2 −1 0 0 0 0
0 0 0 0 −1 2 −1 0 0 0
0 0 0 0 0 −1 2 −1 0 0
0 0 0 0 0 0 −1 2 −1 0
0 0 0 0 0 0 0 −1 2 −2
0 0 0 0 0 0 0 0 −1 2


1
2


0 −2 −4 −2 −4 −4 −4 −4 −4 −4
−2 −4 −8 −4 −8 −8 −8 −8 −8 −8
−4 −8 −12 −6 −12 −12 −12 −12 −12 −12
−2 −4 −6 −2 −6 −6 −6 −6 −6 −6
−4 −8 −12 −6 −10 −10 −10 −10 −10 −10
−4 −8 −12 −6 −10 −8 −8 −8 −8 −8
−4 −8 −12 −6 −10 −8 −6 −6 −6 −6
−4 −8 −12 −6 −10 −8 −6 −4 −4 −4
−4 −8 −12 −6 −10 −8 −6 −4 −2 −2
−2 −4 −6 −3 −5 −4 −3 −2 −1 0


-2
H104


2 −1 0 0 0 0 0 0 0 0
−1 2 −1 0 0 0 0 0 0 0
0 −1 2 −1 −1 0 0 0 0 0
0 0 −1 2 0 0 0 0 0 0
0 0 −1 0 2 −1 0 0 0 0
0 0 0 0 −1 2 −1 0 0 0
0 0 0 0 0 −1 2 −1 0 0
0 0 0 0 0 0 −1 2 −1 −1
0 0 0 0 0 0 0 −1 2 0
0 0 0 0 0 0 0 −1 0 2


1
2


0 −2 −4 −2 −4 −4 −4 −4 −2 −2
−2 −4 −8 −4 −8 −8 −8 −8 −4 −4
−4 −8 −12 −6 −12 −12 −12 −12 −6 −6
−2 −4 −6 −2 −6 −6 −6 −6 −3 −3
−4 −8 −12 −6 −10 −10 −10 −10 −5 −5
−4 −8 −12 −6 −10 −8 −8 −8 −4 −4
−4 −8 −12 −6 −10 −8 −6 −6 −3 −3
−4 −8 −12 −6 −10 −8 −6 −4 −2 −2
−2 −4 −6 −3 −5 −4 −3 −2 0 −1
−2 −4 −6 −3 −5 −4 −3 −2 −1 0


-4
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